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The heavens declare the glory of God;
and the firmament sheweth his handywork.
Day unto day uttereth speech,
and night unto night sheweth knowledge.
There is no speech nor language,
where their voice is not heard.
Their line is gone out through all the earth,
and their words to the end of the world.
PSalm 19:1-4
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Summary
The current cosmological view asserts that the universe is homogeneous and
isotropic; the observed heterogeneities are local in nature and should vanish
at sufficiently large scales. This principle is based firstly on philosophical con-
siderations: the observed universe must be statistically equal to any observer
regardless of the point and direction of observation; and secondly, on cosmo-
logical observations: mainly isotropy measurements of the cosmic microwave
background and clustering analysis of galaxies. This standard cosmological
principle constitutes the basis of cosmology as a branch of physics. From
the structure of space-time of the universe, to large-scale structure forma-
tion, this principle is present in the conceptual foundations, in the statistical
information processes and the interpretation of the results.
Regardless the success of the physical models based on the standard cos-
mological principle, there still remains unresolved fundamental questions
within the formation of large scale structures in the universe. Is it sup-
ported by the observations the standard cosmological principle? And, What
is scale of distance from which the homogeneity transition occurs? Already
some research groups claim that astrophysical objects are grouped into highly
structured hierarchical patterns with self-similarity properties, scale invari-
ance and Hausdorff dimension less than the physical dimension of space,
specific characteristics of fractal behaviour, where the standard cosmological
principle is tested. Based on these concepts a topological analysis of large
scale matter clustering in the universe is preformed from the fractal point of
view.
First is analysed the way in which dark matter is grouped at redshift
z = 0 in the Millennium cosmological simulation. The determination of the
homogeneity transition in the Millennium Simulation data is demonstrated
from the behaviour of the fractal dimension and the lacunarity. The sliding
window technique is used to determine the fractal mass-radius relation in
order to find the fractal dimension, the pre-factor F and the lacunarity for
the dark matter distribution in this simulation. In addition, the multi-fractal
dimension and the lacunarity spectrum, including their dependence on a
radial distance is obtained. These calculations demonstrate a radial distance
dependency of all the fractal quantities, with heterogeneity clustering of dark
ix
matter haloes up to depths of 100 Mpc/h.
Second, dark matter halo distribution is used in order to understand the
fractal behaviour of the observed universe while avoiding the effects of lumi-
nosity selection. The data based on four limited-volume galaxy samples was
obtained by Mun˜oz-Cuartas & Mueller (2012) on the Seventh Data Release
of the Sloan Digital Sky Survey (SDSS-DR7). In order to know the fractal
behaviour of the observed universe, from the initial sample which contains
412468 galaxies, 339505 dark matter haloes were used as input the fractal
calculations. Using again the sliding-window technique for dark matter dis-
tribution; the multi-fractal dimension and the lacunarity spectrum with its
dependence on radial distance are determined in every sample.
The dark matter halo clustering in the Millennium simulation shows a ra-
dial distance dependency of the calculated quantities with two clearly defined
regions. The lacunarity spectrum for values of the structure parameter q > 1
shows regions with relative maxima, which reveal the formation of clusters
and voids in the distribution of dark matter haloes. Using the multi-fractal
dimension spectrum and its complement the lacunarity spectrum, the transi-
tion to homogeneity is observed at depths from the centres ranging between
100 Mpc/h and 120 Mpc/h in the simulation. In contrast the homogeneity
transition is not observed in the dark matter halo distribution obtained from
the SDSS-DR7 limited-volume galaxy samples; in its place the dark mat-
ter halo distribution exhibits a persistent multi-fractal behaviour where the
measured dimension does not arrive at the value of the physical dimension
of the space, for all the parameter values of the analysed structure, at least
up to radial distances ordered from 165 Mpc/h from the available centres of
each sample.
Finally, the density contrast for the spherical collapse of a dark matter
which evolves in a non-homogeneous universe is theoretically developed, tak-
ing as a basis the cosmological model of a spherically symmetric pressure less
dust developed by Georges Lemaˆıtre, Richard C. Tolman y Hermann Bondi
(LTB model), within the context of the General Relativity Theory. With the
purpose of determining the density contrast for a LTB universe, a pertur-
bation with E (r) < 0 which evolves inside of a background with E (r) > 0
in an expansion process is proposed. It was found a radial function for the
density contrast (not a constant value independent of the radial coordinate),
that in first-order of approximation reproduces the predicted value by the
standard cosmology for a homogeneous universe. In order to find expression
for the mass function in a fractal distribution of matter, the Excursion Set
xTheory is used for a moving barrier in order to find a mass function which
depends on the cosmic density field variance and the power spectrum for a
fractal distribution of matter.
The main results of this thesis have been submitted for publication in
international journals; the first one published in Monthly Notices of the
Royal Astronomical Society Millennium entitled: “Millennium simulation
dark matter haloes: multifractal and lacunarity” (Chaco´n-Cardona & Casas-
Miranda, 2012), the second one submitted to the same journal, entitled:
“Multi-fractal analysis and lacunarity spectrum of the dark matter haloes in
the SDSS-DR7” is in the review process by academic peers, and the third
one, entitled: “ Lemaˆıtre-Tolman-Bondi inhomogeneous dust: Contrast den-
sity for collapse and fractal mass function” submitted to the Physical Review
D.
Keywords: dark matter - large-scale structure of the universe - methods:
statistical.
Resumen
En la visio´n cosmolo´gica actual el universo es homoge´neo e isotro´pico; las
heterogeneidades observadas deben desvanecerse a escalas suficientemente
grandes. Este principio se basa en consideraciones filoso´ficas: el universo
observado debe ser estad´ısticamente igual para cualquier observador inde-
pendientemente del punto de observacio´n y de la direccio´n en que e´sta se
realiza; y segundo, en observaciones del cosmos: principalmente las medi-
ciones de isotrop´ıa de la radiacio´n co´smica de fondo as´ı como el ana´lisis del
agrupamiento de galaxias bajo la accio´n de la gravedad. El principio cos-
molo´gico esta´ndar se constituye en el fundamento de la cosmolog´ıa como
rama de la f´ısica. Desde la estructura del espacio-tiempo del universo, hasta
la formacio´n de estructuras a gran escala, este principio cosmolo´gico se en-
cuentra presente en los fundamentos conceptuales, en los procesos estad´ısticos
de la informacio´n proveniente de la observacio´n del espacio profundo, y en la
interpretacio´n de estos resultados.
No obstante el e´xito de los modelos f´ısicos basados en el principio cos-
molo´gico esta´ndar, au´n quedan sin resolver preguntas fundamentales dentro
de la formacio´n de estructuras a gran escala en el universo. ¿Es soportado
por las observaciones el principio cosmolo´gico esta´ndar? y ¿Cua´l es la escala
de distancia a partir de la cual se presenta la transicio´n a la homogeneidad?
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Ya algunos grupos de investigacio´n afirman que los objetos astrof´ısicos se
agrupan en patrones jera´rquicos altamente estructurados, con propiedades
de auto-similaridad, invariancia de escala y dimensio´n de Hausdorff inferior
a la dimensio´n f´ısica del espacio, caracter´ısticas propias del comportamiento
fractal, donde el principio cosmolo´gico esta´ndar es puesto a prueba. Con
base en estos conceptos en la presente tesis se realiza un ana´lisis topolo´gico
del agrupamiento de materia a gran escala en el universo desde el punto de
vista fractal.
Primero se determina en que forma se agrupa la materia oscura en la
simulacio´n cosmolo´gica Millennium para corrimiento al rojo de z = 0. La
determinacio´n del paso a la homogeneidad en los datos de la simulacio´n Mil-
lennium es descrita a partir del comportamiento de la dimensio´n fractal y
la lacunaridad. Se usa la te´cnica de ventana deslizante para determinar la
relacio´n masa-radio de la distribucio´n de materia oscura encontrando la di-
mensio´n fractal, el pre-factor F y la lacunaridad en funcio´n de la distancia
radial para la distribucio´n de materia oscura de esta simulacio´n. Adema´s,
se obtiene el espectro de dimensio´n multi-fractal y de lacunaridad. Estos
ca´lculos demuestran una dependencia radial en todas las cantidades frac-
tales, con agrupamiento heteroge´neo de los halos de materia oscura hasta
profundidades de los 100 Mpc/h.
En segundo lugar se utiliza la distribucio´n del halos de materia oscura
obtenida por Mun˜oz-Cuartas & Mueller (2012) en la se´ptima liberacio´n de
datos del cata´logo Sloan Digital Sky Survey (SDSS-DR7), informacio´n basada
en cuatro muestras gala´cticas limitadas en volumen, con el fin de conocer el
comportamiento fractal del universo observado evitando efectos de seleccio´n
debidos a luminosidad. De la muestra inicial con 412468 galaxias, se usaron
339505 halos de materia oscura derivados de las muestras gala´cticas limi-
tadas en volumen. Usando nuevamente la te´cnica de ventana deslizante para
la distribucio´n de materia oscura se determina: el espectro de dimensio´n
multifractal y el espectro de lacunaridad en funcio´n de la distancia radial.
El agrupamiento de halos de materia oscura en la simulacio´n Millennium
muestra una dependencia con la distancia radial de las cantidades calcu-
ladas con dos regiones claramente definidas. El espectro de lacunaridad para
valores del para´metro de estructura q > 1 muestra regiones con ma´ximos
relativos que revelan la formacio´n de racimos y vac´ıos en la distribucio´n de
halos de materia oscura. Con el uso del espectro de dimensio´n multi-fractal
y su contraparte en lacunaridad, se detecta la transicio´n a la homogenei-
dad en la simulacio´n a profundidades a partir de los centros entre los 100
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Mpc/h and 120 Mpc/h. En contraste, la transicio´n a la homogeneidad no
se observa para la distribucio´n de halos de materia oscura obtenida a partir
de las muestras gala´cticas limitadas en volumen de SDSS-DR7; en lugar de
e´sto la distribucio´n de halos de materia oscura exhibe un comportamiento
multi-fractal persistente donde la dimensio´n medida no alcanza el valor de
la dimensio´n f´ısica del espacio para todos los valores del para´metro de es-
tructura analizados, al menos hasta distancias radiales del orden de los 165
Mpc/h a partir de los centros disponibles dentro de cada muestra.
Finalmente se desarrolla teo´ricamente el contraste de densidad para el co-
lapso esfe´rico de materia oscura que evoluciona en un universo no-homoge´neo,
tomando como base el modelo cosmolo´gico con simetr´ıa esfe´rica para un polvo
libre de presio´n desarrollado por Georges Lemaˆıtre, Richard C. Tolman y
Hermann Bondi (el modelo LTB), dentro del contexto de la Teor´ıa de la Rel-
atividad General. Con el propo´sito de determinar el contraste de densidad
para un universo LTB, se propone que una perturbacio´n del campo co´smico
de densidad con E (r) < 0 se desarrolla dentro de un fondo en proceso de
expansio´n con E (r) > 0, encontrando una funcio´n radial para el contraste
de densidad (no un valor constante independiente de la coordenada radial)
que en primer orden de aproximacio´n reproduce el valor predicho por la cos-
molog´ıa esta´ndar para un universo homoge´neo. Con el propo´sito de encontrar
un expresio´n para la funcio´n de masa dentro de una distribucio´n fractal de
materia, se usa el formalismo extendido de Press-Schechter (Excursion Set
Theory) para una barrera mo´vil encontrando la funcio´n de masa dependiente
de la varianza del campo co´smico de densidad y del espectro de potencias
para una distribucio´n fractal de materia.
Los principales resultados de esta tesis han sido sometidos para su publi-
cacio´n en revistas internacionales; el primer art´ıculo publicado en la revista
Monthly Notices of the Royal Astronomical Society Millennium y titulado:
“Millennium simulation dark matter haloes: multifractal and lacunarity”
(Chaco´n-Cardona & Casas-Miranda, 2012), el segundo sometido a publi-
cacio´n a la misma revista, titulado: “Multi-fractal analysis and lacunarity
spectrum of the dark matter haloes in the SDSS-DR7” en proceso de revisio´n
por pares acade´micos, y el tercero titulado: “ Lemaˆıtre-Tolman-Bondi inho-
mogeneous dust: Contrast density for collapse and fractal mass function”
sometido para su publicacio´n a la revista Physical Review D.
Palabras Clave: Materia Oscura - Estructura a gran escala en el uni-
verso - me´todos: Estad´ıstico
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Chapter 1
Introduction
1.1 Motivation
The cosmological paradigm, states that the large-scale universe is homo-
geneous and isotropic, i.e., there is no privileged place or direction in the
cosmos (Peacock, 1999; Mart´ınez & Saar, 2002; Longair, 2008; Wald, 2010)
in a way that the observed inhomogeneities are local in character and they
should vanish at sufficiently large scales (Grujic´, 2003; Gabrielli et al., 2005;
Komatsu et al., 2009). This principle is based mainly on the observations
of the cosmic microwave radiation whose isotropy is one part in a hundred
thousand (Caruso & Oguri, 2009; Kobayashi et al., 2011) and philosophical
considerations: the observed universe should be the same for any observer,
independent of the observation point and the direction of this observation,
i.e., the Copernican Principle.
The majority of the developments in modern cosmology use this cos-
mological principle as the fundamental hypothesis from which the obser-
vations and theoretical developments are contrasted and interpreted. The
success of the solution to Einstein’s field equations for a universe consist-
ing of an ideal collision-less fluid, found by Alexander Friedmann, Georges
Lemaˆıtre, Howard Percy Robertson and Arthur Georfrey Walker (Lemaˆıtre,
1931; Robertson, 1935; Walker, 1935; Friedmann, 1999), made the corre-
sponding metric the representation of the space-time of the universe that is
accepted by the majority in cosmology on the study of large-scale matter
clustering. The ΛCDM model assumes the standard cosmological principle
and obtains consistency with observations (Cosmic Background Radiation
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and type IA supernovae), but models where the universe is inhomogeneous
also explain the universe’s accelerated expansion (Matravers & Humphreys,
2001; Mittal & Lohiya, 2003), and other cosmological parameters (Enqvist,
2008) without taking as a basis the standard cosmological principle.
Despite the success of the physical models constructed from this cosmo-
logical principle, there are still fundamental questions without answers of
the structure formation in the universe. Some researchers now are debating
heavily whether the observations from more recent galaxy catalogs corrobo-
rate the assumption of homogeneity and isotropy at scales greater than 60
Mpc/h (Hogg et al., 2005; Sarkar et al., 2009; Capozziello & Funkhouser,
2009; Bagla et al., 2008; Scrimgeour et al., 2012) or if instead the galax-
ies are grouped into highly structured hierarchical patterns, with properties
of fractality (Coleman & Pietronero, 1992; Borgani, 1993; Durrer & Sylos
Labini, 1998; Gabrielli et al., 2005; Gaite, 2005, 2007; Sylos Labini et al.,
2009; Verevkin et al., 2011).
In the last decade, the interest in the fractal analysis of the galaxy distri-
bution has yielded promising results, becoming a fertile field for cosmological
physics research (Gabrielli et al., 2005). In particular, we do not know if the
cold dark matter distribution has the same fractal behaviour that is observed
in galaxy clustering. Some authors propose the same fractal dimension for
galaxy distribution and dark matter, where galaxies act as tracers of dark
matter (Baryshev, 2008), while other researchers assign a different fractal
dimension; D = 3 for dark matter, i.e., homogeneity in accord with the stan-
dard cosmological principle and D = 2 for galaxy clustering (Durrer & Sylos
Labini, 1998). Authors like Gaite (2005) suggest the use of multi-fractal
models in order to analyse the dark matter haloes in numerical N–body sim-
ulations. He found that haloes of similar mass have a fractal distribution
with a given dimension that grows as the mass diminishes.
The homogeneous self-gravity matter can develop fractal structure by
nonlinear gravitational interactaction (Combes, 1998). For this reason the
N-body cosmological simulations were used in this thesis like a numerical
laboratory where the fractal analysis of matter under gravitational inter-
action can be performed (Chaco´n-Cardona & Casas-Miranda, 2012). The
Millennium Simulation’s dark matter haloes count with sufficient number of
particles and volume, making it possible to detect the fractal behaviour, in-
cluding the transition to homogeneity. The statistical algorithms used in the
analyses of this simulation data were applied subsequently to dark matter
haloes identified in the SDSS dr7 galaxies survey. The fractal point of view
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can be used as a basis for an alternative cosmological approach to deter-
mine the mass function of dark matter haloes using the excursion set theory
over a fractal distribution of matter for a pressure less dust evolving in a
Lemaˆıtre-Tolman-Bondi universe.
1.2 Antecedents
The notion of hierarchical structure in the universe has early origins from an-
cient greek philosophers. Since pre-socratic times, Anaxagoras from Clazom-
enae (500-428 BC) proposed that reality is composed of an infinite number
of elements. These elements called seeds by him, should be such that even
small parts would appear similar to the whole i.e. the greek concept of ho-
moiome´reiai (Dellutri, 2002). In this form he introduced the multi-universe
idea, a system extending indefinitely with the only fundamental premise be-
ing: everything is contained in any portion of everything, every material
sub-system contains copies of all of the rest (Grujic´, 2003). In the philo-
sophical golden era, Aristotle (384-322 BC) proposed a static cosmological
vision of the universe; the supralunar world is unaltered and imperishable
without change (Reeves & Winkler, 1997). Because the Aristotle’s influence,
Anaxagoras’s ideas were mostly overlooked during the middle ages; in the
XII century the greek texts were translated into latin, and then immersed
in the scholasticism with Saint Thomas Aquinas (1224-1274) as it’s greatest
proponent.
The advent of Nicholas Copernicus (1473-1543) with his heliocentric ideas,
brought an end to scholasticism, initiating the Renaissance. During this pe-
riod the idea of a static model of an infinite universe took a new form by
the hands of Galileo Galilei (1564-1642), Isaac Newton (1643-1727) and Got-
tfried Leibniz (1646-1716). And later, Immanuel Kant (1724-1804) recog-
nised a hierarchical cosmological vision, he saw in the sky nebulas another
island universe (Galaxy in modern terms) like our Milky Way without any
observational test (Longair, 2008).
The cosmological vision based on the premise of the existence of eternal,
static and infinite universe inherited from Aristotle, was questioned by Jo-
hannes Kepler (1571-1630) and Jean-Philippe Loys de Che´seaux (1718-1751)
and exposed in it’s paradoxical form by Heinrich Wilhelm Olbers (1758-1840)
who in 1823 enunciated his thought by the next question:
Why is the sky dark at night?
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If the universe is finite, the light rays from stars must show uniform brightness
as the Milky Way features, with the light filling all the space (Reeves &
Winkler, 1997; Longair, 2008; Mart´ınez & Saar, 2002).
Arriving in the early twentieth century, the cosmology received a great
thrust with the development of the Relativity General theory, formulated
primarily by Albert Einstein in 1915(1879-1955) (Einstein, 2009), this idea
about gravitation led us to develop a model of the universe that started with
uniform matter distribution (Misner et al., 1973; Schutz, 2009; Wald, 2010).
The introduction of the cosmological constant, was an attempt to preserve
the Newtonian vision of a static cosmos, but in 1922 Alexander Friedmann
showed that the stability problem is inherent to the solution of the Einstein
Field equations (Friedmann, 1999).
The subsequent development by Friedmann, Lemaˆıtre, Robertson and
Walker where the universe is conceived as an ideal gas of galaxies (not inter-
acting) under the assumption of homogeneity and isotropy, can conceive a
consistent metric with an expanding universe. This overshadowed the hier-
archical conception (non-homogeneous) developed earlier in the century by
the astronomer Carl Charlier in his 1922 article: “How an infinite world may
be built up?” Charlier conceived an structured universe with levels of com-
plexity beginning at zero with galaxies as primary constituents; the first level
corresponds to a spherical galaxy cluster of radius R1, with N1 galaxies; and
the second level with a spherical super-clusters of radius R2 and N2 clusters
of galaxies, and continuing the construction at higher levels Grujic´ (2003);
Baryshev & Teerikorpi (2005). This model was forgotten until the end of
the XX century when the advent of the fractal concept and its subsequent
application to cosmology arose (Sylos Labini & Pietronero, 2001; Gabrielli
et al., 2005).
The concept of fractals had a starting point in the work of the Ger-
man mathematician Felix Hausdorff who worked on the generalisation of
the concepts of metric, measurement and dimension within the branch of
topology. In 1918 he formalised the idea of dimension in it’s general form
(Hausdorff, 1918; Rubiano Ortego´n, 2009). This concept was the starting
point for the modern concept of fractality, conceived by the mathematician
Benoit Mandelbrot in 1982 and published in his book: The Fractal Geom-
etry of Nature, where two thoughts together: self-similarity and dimension
(Mandelbrot, 1983, 1997). In cosmology this concept is closely related to
scale invariance where the laws do not change if the scale length is multiplied
by a common factor (Sylos Labini et al., 1998; Gabrielli et al., 2005), where
6 1 Introduction
the fracatl dimension is a measure of inhomogeneity of the galaxy clustering
(Mart´ınez & Saar, 2002; Mart´ınez & Saar, 2002), and it is possible to change
the paradigm towards the Cosmological Conditional Principle (Mandelbrot,
1983, 1997; Uchaikin, 2004).
1.3 Fractality on the large-scale distribution
in the universe
The information from galaxy surveys shows that the luminous matter dis-
tribution in the universe exhibits a complex structure which can be charac-
terised by scale invariance and fractal dimension inferior to the dimension
of the physical space which it is embedded (Coleman & Pietronero, 1992;
Borgani, 1993; Sylos Labini et al., 1996; Mandelbrot, 1997; Mart´ınez & Saar,
2002; Gabrielli et al., 2005; Mureika, 2007; Gaite, 2007). Mathematically, the
function that describes this kind of behaviour takes the form (Mandelbrot,
1983):
N (r) ∼ rD (1.1)
where N (r) represents the galaxy number inside a sphere with radius r, and
D is the fractal dimension of the galaxy set. The meaning of the fractal
dimension is not only statistical, it is also geometrical. When the fractal
dimension in a integer it is possible to assign a geometry associated with
this dimension: D = 0 point distribution, D = 1 linear distribution with
galaxies uniformly distributed in a circle with the observer in the centre,
D = 2 corresponds to a surface distribution with the set of galaxies uniformly
distributed in spherical surfaces around the observer, while D = 3 indicates
us a homogeneous and isotropic galaxy distribution.
Recent results show a tendency in fractal dimension around the value
D = 2, in radial distances up to 100 Mpc/h (Mureika, 2007). This ob-
servational measurements let us to consider a local violation of the standard
cosmological principle (Mittal & Lohiya, 2003), which opened a new research
field where statistical physics are going to be a preponderant position (Bor-
gani, 1993; Nakamichi & Morikawa, 2004; Mart´ınez & Saar, 2002; Uchaikin,
2004; Capozziello & Funkhouser, 2009; Caruso & Oguri, 2009; Sarkar et al.,
2009; Scrimgeour et al., 2012) with new developments in gravitational newto-
nian models (Grujic´, 2005; Seshadri, 2005; Miller & Rouet, 2006), in General
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Relativity (Ribeiro, 1992a; Mittal & Lohiya, 2003; Baryshev, 2008; Viag-
giu & Montuori, 2013), and new gravitation theories (Catterall et al., 1995;
Calcagni, 2010; Lauscher & Reuter, 2005)
At this moment we need to do a revision of the accepted vision of the grav-
itational growing of the large scale structures, beginning with the principles
of the cosmological standard model (Ce´le´rier, 2000; Baryshev & Teerikorpi,
2005; Enqvist, 2008; Capozziello & Funkhouser, 2009; Sylos Labini et al.,
2009). Several authors are exploring a change in paradigm from the cosmo-
logical principle currently accepted by the scientific community to the con-
ditional cosmological principle proposed by Benoit Mandelbrot in his words:
The distribution of galaxies is the same, as seen by any point that
belongs to this distribution.
(Mandelbrot, 1983, 1997) where the universe appears to be statistically the
same from every galaxy like an occupied point of the fractal set (Not in void
regions), and in every direction. Some models that have taken into account
this conditional principle are refered in Ribeiro (1992a); Humphreys et al.
(1998); Mittal & Lohiya (2003); Uchaikin (2004).
This thesis is going to be developed as follows: in Chapter 2 the theo-
retical formalism for the fractal approach is developed; Chapter 3 develops
the fractal statistical approach applied to the Millennium Simulation’s dark
matter haloes, in Chapter 4 you find the multi-fractal and lacunarity spec-
trum of the dark matter halo distribution for SDSS-DR7, Chapter 5 shows
the theoretical approach in order to find the mass function based in the
Lemaˆıtre-Tolman-Bondi model and a fractal dust distribution using the ex-
cursion set formalism in a moving barrier. The conclusions of this work are
in Chapter 6.
Chapter 2
Fractal theoretical development
2.1 Dimension Concept
The most general definition for the dimension measurement was developed
by Felix Hausdorff (Hausdorff, 1918), looking to define the dimension concept
for any metric space. He first considered the number N() of balls of radius
 needed to cover a subset A completely. The d-dimensional measure is
proportional to the limit:
hd(A) = lim
→0
N()d (2.1)
Hausdorff proved that there is only one value d for which this is different
from zero or infinity. For this value is satisfied that:
hd(A) =
{∞ if d < DH(A)
0 if d > DH(A)
(2.2)
where DH is by definition the Hausdorff dimension for the subset A, with
DH as the value for which N() ∝ 1/d. In order to decide whether a set
is fractal or not it is necessary to compare the above definition with the
topological dimension, defined in a simple way as the number of independent
directions in which one can move around a given point of the set. In this
form Mandelbrot defines a fractal as a set for which the Hausdorff dimension
strictly exceeds its topological dimension. (Mandelbrot, 1983)
It is not easy to determine the Hausdorff dimension for galaxy clustering,
although there are methods developed to determine the Hausdorff dimension,
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like the Minimal Spanning Tree (Mart´ınez & Saar, 2002). For this reason it is
necessary to use alternative concepts of fractal dimension for the analysis of
the matter distribution on a large scale in the universe. One of the most used
concepts is the mass-radius fractal dimension. According to Blumenfeld &
Mandelbrot (1997), a sphere with a given radius r in a space with Euclidean
dimension d, which encloses a self-similar fractal structure; the total mass
measure M(r) enclosed by the sphere take the form:
M (r) = FrDm , (2.3)
here M (r) represents the number of galaxies (or in our case dark matter
haloes) in a sphere of radius r, Dm is the fractal mass-radius dimension, and
F is a constant related to the average distance between nearest neighbours.
If the exponent Dm (the fractal dimension) is smaller than the Euclidean
dimension d where the set is embedded, then this set is not homogeneous.
Although the mass-radius dimension has the advantage of extending the
measurement of fractal dimension of the set on large scales, its accuracy is
limited as it does not move the centre of observation, skewing the statistical
analysis. Therefore it is necessary to refine the determination of fractality
including averaging several points in the sample as centres. According to
Gabrielli et al. (2005) it is possible to average out the mass-radius fractal
dimension moving on different occupied points of the galaxy distribution.
The average mass-radius relation is a fractal measure which reflects the con-
ditional cosmological principle: the cosmos appears statistically the same to
all observers situated on a galaxy (point of a fractal) but not in a void region
(Mandelbrot, 1983).
To fully describe a fractal it is necessary to specify how the pre-factor
F behaves. For this reason it is necessary to use a complementary fractal
quantity, the lacunarity, which is a general measurement for the analysis of
spatial patterns.
2.2 Lacunarity Definition
The majority of the studies aiming to determine the fractality of large-scale
structures in the universe begin with the calculation of the fractal dimension,
but fractals with similar dimensions can occupy the space where they are
embedded in different ways. Therefore, it is necessary to recognise that the
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fractal dimension is not enough to uniquely characterise fractal sets, and
for this reason Blumenfeld & Mandelbrot (1997) proposed a complementary
fractal measure, the lacunarity.
The lacunarity appears in the context of the mass-radius fractal dimen-
sion, although we can also extend this concept for other fractal dimension
definitions like the correlation dimension (Mart´ınez & Saar, 2002). High
Lacunarity values suggest the presence of large empty regions inside the
clustering and therefore a large heterogeneity, while fractals with low values
indicate approximation to homogeneity.
The starting point for calculating the lacunarity is the pre-factor F from
the mass-radius relation, Eq. (2.3). There are many definitions to describe
the properties of the factor F . Mandelbrot proposed a description based in
series of factors of variability (Blumenfeld & Mandelbrot, 1997),
Sk =
Ck(D)
[C1(D)]k
, (2.4)
where Ck(D) is the kth cumulant, a statistical measure of the correlation de-
signed to go to zero whenever any one or more quantities under study become
statistically independent. The cumulants are related with the moments, in
particular k1 = µ1 is the mean, k2 is the variance, and k3 =
〈
(X − µ1)3
〉
for a variable X under study. The simplest of this variability factors, is the
second order variability factor S2 through which the lacunarity Φ is defined
as:
Φ =
〈
(F − 〈F〉)2〉〈
F
〉2 =
〈
F 2
〉〈
F
〉2 − 1. (2.5)
The Lacunarity analysis complements the studies of fractal sets enabling
us to distinguish between similar fractal patterns which occupy the space
in a different form. Mart´ınez & Saar (2002) applied the above definition of
lacunarity to the Las Campanas survey data and the corresponding fractal
Levy flight model. They found great difference in lacunarity behaviour with
similar fractal mass-radius dimension.
The average mass-radius dimension and the lacunarity are sufficient to
characterise sets where the fractal calculation of matter clustering at different
scales and levels of mass density are the same. In the case of scale dependency,
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we must go beyond in the characterising of the large scale matter distribution.
This kind of analysis can be performed by the multi-fractal formalism.
2.3 Generalised Dimension
The dimension definitions presented above, represent particular cases of the
multi-fractal spectrum of generalised dimension, a method first applied to the
large scale structure in the universe by Coleman & Pietronero (1992). The
large scale matter distribution can be characterised with a fractal spectrum
defined from a generalised correlation. First, it is necessary to introduce
the correlation integral C2, a function capable of measuring the number of
neighbours that on average a chosen centre has within a distance r. We
outline the development in accordance with the notation described in Bagla
et al. (2008):
C2 (r) =
1
NM
M∑
i=1
ni (r) , (2.6)
where N is the total number of particles inside the distribution, M is the
number of particles used as centres and the summation is performed over the
set of chosen centres. ni(r) is the number of particles within a radial distance
r from a particle at the point i, defined as:
ni (r) =
N∑
j=1
Θ(r− | xi − xj |), (2.7)
where the summation is performed over all the particles in the sample. The
coordinates of each particle in our space of three dimensions are denoted by
xj , and Θ is the Heaviside function, defined such that Θ(x) = 0 for x < 0
and Θ(x) = 1 for x > 0. The number of particles around each centre ni(r)
is determined by counting the number of particles that lie inside a comoving
sphere of radius r from the centre.
From Equation (2.6) the correlation dimension is defined similarly to the
definition of mass-radius dimension:
C2 (r) ≈ rD2 (2.8)
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So that the correlation dimension is calculated as a derivative:
D2 =
d logC2 (r)
d log r
(2.9)
From the correlation integral C2 (r), Equation (2.6), the generalised cor-
relation integral can be defined as:
Cq (r) =
1
NM
M∑
i=1
[ni (r)]
q−1 (2.10)
where M is the number of centres, N is the total number of particles included
in the sample, ni (r) is the same expression defined in the Equation (2.7) and
q is called the structure parameter, which corresponds to an arbitrary real
number. From this generalised correlation it is possible to do an expansion in
powers of log (r) as described by Provenzale et al. (1997) and then calculate
directly the multi-fractal dimension and the lacunarity spectrum:
log
[
Cq (r)
1/(q−1)
]
= Dq log (r) + log(Fq) +O
(
1
log (r)
)
. (2.11)
Keeping only the first two terms on the right side, we have the relation
between the generalised correlation integral and the generalised fractal di-
mension:
Cq (r)
1/(q−1) = FqrDq (2.12)
In this manner the generalised dimension and the generalised lacunarity
can be defined in the same way as the mass-radius fractal dimension, the
generalised dimension Dq:
Dq =
1
(q − 1)
d logCq (r)
d log r
, (2.13)
and the corresponding generalised lacunarity from the pre-factor Fq for every
structure parameter q:
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Φq =
〈
(Fq −
〈
Fq
〉
)2
〉〈
Fq
〉2 =
〈
F 2q
〉〈
Fq
〉2 − 1. (2.14)
If for any q1 6= q2, Dq1 = Dq2 is verified then it is said that the distribution
is a homogeneous fractal (mono-fractal). For q > 1, Dq explores the scaling
behaviour in high density environments (clusters and superclusters) and for
q < 1 values, Dq explores the scaling behaviour in low-density environments,
i.e., voids (Sarkar et al., 2009). In the event that the distribution of dark
matter haloes undergo the transition to homogeneity, all values of the fractal
dimension must close to the physical dimension of the space (Dq → 3) and
the spectrum of lacunarity must tend to zero (Φq → 0), at the same radial
distance r.
The next chapter will apply the concepts of average mass-radius dimen-
sion, generalised dimension, and generalised lacunarity to the dark matter
haloes spatial distribution generated by the Millennium dark matter simula-
tion.
Chapter 3
Fractal Characterisation of the
Millennium Simulation
The Millennium Simulation (Springel et al., 2005) is one of the most impor-
tant computational efforts in contemporary cosmology, with particles evolv-
ing from redshift z = 127 to the present z = 0. Although the standard
cosmological model contains two ingredients which have not yet been ver-
ified by laboratory experiments (the components of dark matter and dark
energy), the ΛCDM model is almost universally accepted by cosmologists as
the best description of the present observational data. The spatial geometry
is very close to flat and the initial perturbations (the possible galaxy ori-
gins) are Gaussian, adiabatic, and nearly scale-invariant. The cosmological
parameters assumed inside this computational algorithm are summarised in
Table 3.1.
Here the density parameters Ωi = ρi/ρcrit are defined from the critical
density ρcrit = 3H
2
0/8piG. The total present matter density composed by
dark matter and baryonic matter Ωm = Ωb+Ωdm, the dark energy density ΩΛ
with Ωm+ΩΛ = 1, the Hubble parameter h = H0/(100kms
−1Mpc−1), σ8 the
linear-theory power spectrum variance in spheres of radius 8 Mpc/h and the
spectral index n is used to describe the density perturbations in Fourier space,
where n = 1 corresponds to Harrisson-Zeldovich scale invariant spectrum.
Ωm Ωb ΩΛ h σ8 n
0.25 0.045 0.75 0.73 0.9 1
Table 3.1: Cosmological parameters for the Millennium Simulation
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The simulation was implemented with the length of the side of the simu-
lation cube Lbox = 500 Mpc/h, the number of particles Npart = 2160
3 ≈ 1010
, with the resulting particle mass mp = 8.6× 108M/h and the gravitational
softening length η = 5 Kpc/h. The Virgo consortium, provides free access to
the database, which authorised users can access using the Structured Query
Language (SQL). It is expected that different researchers utilise the informa-
tion to explore how the structures of dark matter and galaxies evolve into
the standard cosmology context.
We used the information provided by this simulation in order to perform
a fractal analysis of the dark matter halo clustering, aiming to find the way in
which the dark matter haloes are grouped as a function of the radial distance,
and to detect the scale of transition to homogeneity.
3.1 Fractal Mass-Radius Dimension and La-
cunarity of the Millennium Simulation data
The first step in fractal analysis of dark matter haloes clustering, for z = 0
from the millennium simulation, is the choice of a random sample of cen-
tres in the entire simulation (≈ 1.5 × 107 dark matter haloes). We chose
at random 1000 centres with the purpose of determining the functional rela-
tionship between the logarithm of the number of dark matter haloes and the
logarithm of the radial distance. We wanted to know if there was a linear
function that leads to the determination of the fractal correlation dimension
Dm and the pre-factor F as shown in Figure 3.1.
In the case of a mono-fractal set, the expected relationship between the
logarithm of the number of particles and the logarithm of radial distance
should be close to a linear behaviour. By observing Figure 3.1 a large scat-
tering in the relationship for distances r < 20 Mpc/h is evident. Also, it
would be inappropriate to assign a single slope for the entire curve when
a gradual slope increase with the radial distance is observed, suggesting a
fractal dimension growing with scale. It is therefore necessary to calculate
the fractal dimension and the pre-factor F in small sections of the curve for
each centre, in order to determine if there is a radial distance dependency of
the fractal quantities.
By dividing the curve in segments using the sliding window technique
proposed by Mart´ınez & Saar (2002), and Rodrigues et al. (2005) and mak-
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Figure 3.1: Millennium Simulation Fractal Analysis: Number of dark matter
haloes in spherical shells around each centre vs Radial distance over 1000
centres randomly chosen in log-log scale. The initial data dispersion and the
slope growth is shown.
ing a linear least-square fit through each set of successive points in the log-log
plot, it is possible to calculate the slope and intercept of the line that approx-
imates the curve section over every point for each of the curves generated
from each centre, and then determine the average over a thousand centres
(more representative sample) with their respective standard deviation. We
also analysed the behaviour of this average mass-radius fractal dimension as
the sample size approaches the limits of the simulation, as shown in Figure
3.2.
In Figure 3.2, the graphs for different depths have a similar behaviour; a
rapid increase in the fractal dimension to radial distances, about 20 Mpc/h,
followed by slower growth until it reaches the physical dimension of space
to depths beyond 100 Mpc/h. Those graphics with radial distances from
the centres exceeding 180 Mpc/h show that the average mass-radius fractal
dimension at short distances is larger than the physical dimension of space
where the whole fractal is embedded, which is a physically unacceptable
situation regardless of the periodicity of simulation.
The behaviour of the pre-factor F is shown in Figure 3.3. The values of
the pre-factor change with scale, starting with high values near the centres
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Figure 3.2: The average of mass-radius fractal dimension vs radial distance
of the dark matter halo distribution in the Millennium simulation. Spurious
homogenisation effects in the curves around 20 Mpc/h are observed at fractal
calculations for depths larger than 180 Mpc/h. ±1σ error bars are shown.
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Figure 3.3: Fractal Pre-factor F vs radial distance of dark matter halo
distribution in the Millennium simulation. There is a tendency to achieve a
constant value with increasing radial distance. ±1σ error bars are shown.
and diminishing to reach a low constant value at distances larger than 100
Mpc/h. Therefore, the average distance between dark matter neighbours
decreases to reach a constant value when radial distance is larger than 100
Mpc/h. At short distances a change in behaviour of the curves for depths
from center larger than 180 Mpc/h is detected.
These results confirm that there are spurious homogenisation effects in
the calculations of the fractal dimension. Thus, it is necessary to calculate the
fractal dimension over radial distances smaller than 180 Mpc/h, i.e., radial
distances where the fractal dimension does not exceed 3±1σ, as recommended
by Wen et al. (1989). In our case the maximum radial distance that satisfies
the above requirement is 160 Mpc/h.
To complement the vision of the dark matter haloes fractal distribution
we calculate the lacunarity up to 160 Mpc/h in radial distances, taking as
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Figure 3.4: Mass-radius quantities calculated with the sliding window tech-
nique: The average of the mass-radius dimension Dm, the pre-factor F , the
lacunarity Φ and the χ2 test vs the radial distance, for the dark matter haloes
distribution. ±1σ error bars are shown. The average < χ2 >= 7.9 × 10−3,
with χ2max = 5.1× 10−2.
basis the calculated pre-factor F from the sliding window technique at the
same depth within the simulation. The lacunarity of the dark matter haloes
distribution, Figure 3.4, shows a maximum value near each chosen centre,
followed by oscillatory lacunarity behaviour at radial distances smaller than
60 Mpc/h. In addition, above 60 Mpc/h we see a smoothly decreasing lacu-
narity function with tendency towards homogeneity at radial distances ≈ 120
Mpc/h where lacunarity values approach zero.
The fractal quantities show a strong scale dependence. The decrease
in the lacunarity curve and the scale dependence of the average mass-radius
fractal dimension with the radial distance suggest the clustering of dark mat-
ter haloes does not behave like a mono-fractal. Therefore it is necessary to
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Figure 3.5: Generalised Correlation Integral Cq(r) for all the values of q
studied in this paper for the Millennium simulation dark matter haloes. Over
densities q > 1 left, low densities q < 1 right. All graphics in log-log scale
study the dark matter halo distribution from the multi-fractal viewpoint.
3.2 Multi-fractality and Multi-lacunarity of
the Millennium Simulation data
In the last section we have shown that the Millennium Simulation dark matter
halo’s average mass-radius fractal dimension have a radial distance depen-
dency with a lacunarity descending to zero around 120 Mpc/h. Now, the
results of the generalised correlation integral for twelve different values of q
are presented in Figure 3.5. These calculations include high density regions
(q > 1) and low density regions (q < 1). For q = 1 the numerical limit of the
generalised correlation integral is shown. To avoid the problems of spurious
homogenisation found in the mass fractal dimension, the multi-fractal calcu-
lus is limited to depths still far from the borders of the simulation. Based
on the average mass-radius fractal behaviour, the maximum depth for the
calculations in the Millennium data is 160 Mpc/h.
From the generalised correlation integral, the sliding window technique is
used to determine the fractal dimension spectrum. We find the multi-fractal
dimension behaviour as a function of the radial distance for the structure
parameter values q < 1 as shown in the Figure 3.6. Besides, we calculate
the corresponding χ2 test in each multi-fractal relation over all the range
of distance where we made the calculations; the low χ2 values provide us
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q −6 −5 −4 −3 −2 −1 0
< χ2 > 1.9× 10−3 8.8× 10−4 2.5× 10−3 1.2× 10−3 1.5× 10−3 3.1× 10−4 2.5× 10−6
χ2max 4.5× 10−1 1.0× 10−1 2.9× 10−1 6.7× 10−2 2.1× 10−1 7.1× 10−2 1.3× 10−4
q 1 2 3 4 5 6
< χ2 > 1.6× 10−6 1.6× 10−6 2.6× 10−6 3.1× 10−6 3.5× 10−6 4.7× 10−6
χ2max 9.0× 10−5 2.8× 10−5 2.8× 10−5 4.7× 10−5 6.9× 10−5 9.4× 10−5
Table 3.2: χ2 mean and maximum values obtained for each multi-fractal
dimension Dq. Top: low density environments −6 6 q 6 0, bottom: high
density environments 1 6 q 6 6. For all the Dq analysed the χ2 values show
a peak at scales smaller than ≈ 15 Mpc/h and very low, almost constant,
values at larger scales.
q 1 2 3 4 5 6
 1.8× 10−3 8.4× 10−4 1.2× 10−3 1.3× 10−3 1.8× 10−3 1.7× 10−3
Rh[Mpc/h] 101.1 108.9 107.2 108.7 117.7 122.5
Table 3.3: Scale of homogeneity transition Rh for every fractal dimension
in overdenses environments 1 6 q 6 6. The  value is calculated from the
relative dispersion of the fractal dimension
confidence with the employed method. The χ2 average and maximum values
for each structure parameter are shown in Table 3.2.
For structure parameter values q > 1 the radial distance dependency is
presented in Figure 3.7. In this manner we covered the range of the structure
parameter −6 6 q 6 6 in singular steps. The χ2 test was calculated in the
same manner as the multi-fractal relations with q < 1. There are low χ2
values over all radial distances, See Table 3.3.
In order to detect the transition to homogeneity in terms of the fractal
dimension, we use the relationship:
| Dq − 3 | /3 < , (3.1)
where  is a fiducial value which is calculated from the average of the relative
dispersion σ/Dq. In Table 3.3 we present the shortest radial distances for
which this condition for the transition to homogeneity is fulfilled.
These results are confirmed by the relationship between the multi-fractal
dimension and the spectral parameter q, as shown in Figure 3.8.
To corroborate this result and because the fractal dimension does not
indicate in what form the dark matter halo’s set is filling the whole space,
the analysis is completed with the calculation of the spectrum of lacunarity
for high density regions, as shown below in Figure 3.9.
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Figure 3.6: Multi-fractal Dimension Spectrum Dq(r) vs radial distance r
for low density environments −6 6 q 6 0 from the Millennium dark matter
haloes. ±1σ error bars in the graphics, with 0.99 confidence level in t-student
test.
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Figure 3.7: Multi-fractal dimension spectrum Dq(r) vs radial distance r
for high density environments 1 6 q 6 6 from the Millennium dark matter
haloes. ±1σ error bars in the graphics, with 0.99 confidence level in t-student
test.
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Figure 3.8: Spectrum of the Multi-fractal dimension Dq(r) as a function of
structure parameter q in the range [−6, 6] for Millennium simulation dark
matter haloes. Homogeneity transition around 120 Mpc/h is determined.
The solid line is an interpolation by the Be´zier method.
3.2 Multi-fractality and Multi-lacunarity of the Millennium Simulation data25
Figure 3.9: Multi-lacunarity spectrum Φq(r) in logscale vs radial distance r
for high density environments q > 1 from the Millennium dark matter haloes
distribution. Oscillatory behaviour modulated by a decreasing function. ±1σ
error bars are shown, with 0.99 confidence level in student-t test
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3.3 Discussion
We verified the dependence of fractal dimension with the radial distance;
the majority of previous studies reported only a single fractal dimension
value to frame the clustering behaviour of large-scale mass (Durrer & Sylos
Labini, 1998; Sylos Labini, 1999; Joyce et al., 2005). And the recent works
focus on the radial distance dependency of the fractal dimension and the
multi-fractal analysis of large scale clustering in the universe, for example:
Ramos et al. (2002) describes the scaling properties of large-scale structures
in the universe and the transition to homogeneity at 500 Mpc/h for Stromlo-
APM, the Las Campanas and the ESP redshift surveys, Seshadri (2005)
found that the universe is homogeneous over scales larger than around 80
to 100Mpc/h, Bagla et al. (2008) observed that the fractal dimension makes
a rapid transition to values close to the physical space dimension at scales
between 40 and 100 Mpc, while Sarkar et al. (2009) determined that the
Millennium simulation exhibits a transition to homogeneity at around 70
Mpc/h. In our case, the analysis of the Millennium Simulation confirms
fractal behaviour (in the average mass-radius relation) at scales smaller than
at least 100 Mpc/h with homogeneity transition around 110 Mpc/h for the
dark matter haloes distribution.
On the other hand, we observed limitations in the application of the aver-
age mass-radius fractal dimension and the multi-fractal dimension spectrum
to radial distances larger than 180 Mpc/h., because the detection of spuri-
ous homogenisation effects from these calculations. This effect is reported
in some literature (Wen et al., 1989; Sylos Labini et al., 1996). As stated
above, it is necessary to limit the maximum radius to which the fractal di-
mension can be calculated within the simulation. In our case the average
mass-radius dimension, the lacunarity, the multi-fractal dimension and the
lacunarity spectrum have to be limited to maximum radial distances of 160
Mpc/h, where the fractal dimension does not exceed the value of 3± 1σ.
The behaviour of mass-radius fractal dimension can be divided in two
clearly observed regions: First a fast-growing region from each centre up to
≈ 20 Mpc/h in radial distance, followed by a slow-growing region to achieve
homogeneity at radial distances around 100 Mpc/h. Beyond this distance
the search should focus on the scale of transition to homogeneity using the
lacunarity and the multi-fractal treatment.
The calculation of lacunarity is complementary in the determination of
mass-radius fractal dimension, in addition to confirming the process of in-
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creasing the homogeneity (Decreasing lacunarity values), it is also capable
of detecting heterogeneity oscillations with local increase of lacunarity. This
behaviour indicates alternation between voids (lacunarity high values) and
concentrations of matter (lacunarity low values) and was previously reported
by Provenzale et al. (1997), Solis & Tao (1997), Murante et al. (1998). Fur-
thermore, the high values of lacunarity at radial distances smaller than 60
Mpc/h confirm the existence of voids near each centre, followed by oscilla-
tory lacunarity behaviour (alternating gaps and high concentrations of dark
matter).
The multi-fractal spectrum calculation exhibits less dispersion than that
found on the average mass-radius fractal dimension and its corresponding
lacunarity, as seen in the behaviour of the χ2 test. This gives more confidence
on the subsequent analyses. The results for structure parameter values q < 1,
show an excessive increase of the fractal dimension for radial distances smaller
than 40 Mpc/h, reaching values that overcome the physical dimension of
space (unphysical values), followed by a tendency towards homogeneity for
voids at larger radial distances. In the work of Sarkar et al. (2009), on
transition to homogeneity in the Millennium Simulation data, it is shown
that for q = −2 fractal dimension values larger than 3 appear not only in the
region below 40 Mpc/h, but also a radial distances between 70 Mpc/h and
90 Mpc/h.
For q > 1 we observe a slower growth of the multi-fractal dimension
as the parameter structure increases, indicating a heterogeneity growth as
hierarchical clustering increases. We find the possible homogeneity transition
located in radial distances between 100 Mpc/h and 120 Mpc/h . This result
has be corroborated by evaluating the multi-fractal dimension as a function
of structure parameter q, where a homogeneity transition around 120 Mpc/h
is detected. This homogeneity transition scale is larger than those reported
in similar works such as Gaite (2007), Sarkar et al. (2009), but lower than
the reported by Yadav et al. (2010). Other works on galaxy surveys did not
report any homogeneity transition (e.g. Sylos Labini & Pietronero (2008) and
Verevkin et al. (2011)). For this reason we propose the use of the lacunarity
spectrum as another homogeneity transition indicator.
The lacunarity spectrum presents a similar behaviour to that found in
the lacunarity calculations based in the average mass-radius dimension. An
initial increase in the heterogeneity, i.e., a great presence of voids in regions
close to the centres (below 20 Mpc/h) followed by a decreasing function
which modules oscillations with alternating lacunarity values. This shows
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that the clustering of dark matter haloes in the Millennium Simulation have
low density regions followed by regions of high concentrations of dark matter
haloes. Furthermore, the lacunarity spectrum points to a homogeneity tran-
sition (minimum lacunarity values) for radial distances between 100 Mpc/h
and 130 Mpc/h, confirming the region where the cross to homogeneity was
found in the multi-fractal spectrum.
Chapter 4
Multi-fractal analysis and
lacunarity spectrum of the dark
matter haloes in the SDSS-DR7
Despite the success of physical models based on the standard cosmological
principle, there are still many unresolved fundamental questions regarding
the formation of structure in the universe (Peacock, 1999). For example:
Is this cosmological principle supported by the observations of galaxies in
the most recent galaxy surveys? If so, then what is the scale of distance
at which the transition to homogeneity is observed? Some research groups
report that galaxies and other astrophysical objects, such as quasars, are
grouped in highly structured hierarchical patterns that exhibit properties of
self-similarity (scale invariance) and a fractal dimension smaller than the
physical space dimension (Mart´ınez & Saar, 2002; Gabrielli et al., 2005;
Joyce et al., 2005; Rozgacheva et al., 2012). Similar results are found for
the anisotropies of the cosmic background radiation (Kobayashi et al., 2011).
In such works, a revision of the standard cosmological principle is proposed
because in a universe with fractal clustering of matter in all scales, models
based on homogeneity and isotropy would not be consistent with observa-
tions; the fractal behaviour of galaxy clustering would indicate inhomogene-
ity in the large scale matter distribution without homogeneity transition.
Therefore, new methods of interpreting galaxy clustering information from
the perspective of statistical mechanics should be developed (Gabrielli et al.,
2005).
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Hogg et al. (2005) used 55000 Red Luminous Galaxies from the first data
release of the SDSS to study the homogeneity of this sample at redshift
z ≈ 0.3, in this work they found by correlation analysis the homogeneity
transition around 70 Mpc/h. Sarkar et al. (2009) corroborated these results
in their multi-fractal analysis of SDSS DR6, where they found a transition
to homogeneity in the same spatial region. Yadav et al. (2010) established
theoretically the upper limit of the homogeneity transition around the 260
Mpc/h for a ΛCDM numerical model. Similarly, fractal analyses of galactic
catalogues at high redshift with information from the southern hemisphere,
Scrimgeour et al. (2012), allowed us to conclude that the transition to homo-
geneity occurs on the spatial scale around 80 Mpc/h using in their analysis
the fractal correlation dimension.
In this chapter, we aim to study the multi-fractal dimension and the cor-
responding lacunarity spectrum based on the generalised correlation integral
for a dark matter halo distribution found in four volume-limited samples of
galaxies in the Seventh Sloan Digital Sky Server Data Release (SDSS DR7)
(Abazajian et al., 2009; Mun˜oz-Cuartas & Mueller, 2012), depurated infor-
mation provided by the New York University Value-Added Galaxy Catalog
(NYU-VAGC) (Blanton et al., 2005).
The multi-fractal dimension spectra, a powerful statistical tool providing
a characterisation of highly irregular distributions of objects was successfully
employed by the authors to determine the homogeneity transition, the ra-
dial dependence of the fractal dimension and lacunarity spectrum over in the
Millennium Simulation dark matter haloes (Springel et al., 2005; Chaco´n-
Cardona & Casas-Miranda, 2012). Now, we must see if the real universe be-
haves as simulations do, the same methodology is applied to the best galaxy
available data and is presented for evaluation from the multi-fractal point of
view of the observed universe. Next, we applied the concepts of generalised
fractal dimension and lacunarity to the dark matter haloes distribution ob-
tained from the Sloan Digital Sky Server data, in its seventh release of the
galaxies information.
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4.1 Dark Matter Haloes from the seventh data
release of SDSS in the NYU-VAGC cat-
alog
The dark matter haloes distribution used into our fractal calculations was
determined by Mun˜oz-Cuartas & Mueller (2012) over the SDSS-DR7 galaxy
data (Abazajian et al., 2009), information available in the catalog NYU-
VAGC (Blanton et al., 2005). The NYU-VAGC catalog consists of 7966
square degrees of spectroscopic coverage with an exhaustive quality revision
in photometric calibrations including the best redshift for each object, cor-
rections for fibre collisions with the object distances corrected for peculiar ve-
locities. This catalog offers the best information to carry out large-structure
studies. The galaxy data, which is a basis for the distribution of dark mat-
ter, is made up of four limited-volume samples in the redshift range from
z = 0.002 to z = 0.2. The selected objects in NYU-VAGC catalog belongs
to the main sample, with a well resolved spectral target. To all data’s set
the absolute magnitude was calculated in accordance with the work of Yang
et al. (2007):
Mx − 5 log h = mx − 5 log (DL)− 25−K (z)− Ax (z − zn) , (4.1)
where h = H0/(100kms
−1Mpc−1) = 0.72, mx corresponds to apparent mag-
nitude limit in every band , DL is the luminosity distance, K (z) is the
k-correction developed by Blanton & Roweis (2007) and Ax determines the
correction for evolution proposed by Blanton et al. (2003). The values of the
parameters used in the cosmological distances calculations were Ωm = 0.258,
ΩΛ = 0.721, ΩR = 8.493e−5, and ω0 = −1.
In order to make a fractal analysis of the dark matter haloes identified
in the volume limited samples, we should determine the radius of the largest
sphere in which fractality calculations are performed without introducing
assumptions about the shape of the clustering to be analysed. The effec-
tive depth for every sample according to their limits in right ascension and
declination is calculated by the equation (Gabrielli et al., 2005):
Rs =
Rd sin (δθ/2)
1 + sin(δθ/2)
, (4.2)
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Sample zmin M
2
V L Ngals Nh Rs Nc n
Mr − 18 0.047 −18.0 50986 38268 52.4 7178 1.74× 10−2
Mr − 19 0.074 −19.0 108546 85222 81.9 13341 1.07× 10−2
Mr − 20 0.115 −20.0 155890 128975 126.6 20378 4.33× 10−3
Mr − 21 0.175 −21.0 97064 87040 190.2 12651 8.66× 10−4
Table 4.1: Volume limited Samples and Dark Matter Haloes found in SDSS
data release 7. The redshift higher limit is z = 0.2 and M1V L = −23.5 is the
maximum absolute magnitude for all the samples, Rs is the effective depth
in the subsample, Nc is the number of the available centres to make fractal
calculations into the every sample, n = N/V is the density number of dark
matter haloes where V is the equivalent cubic comoving box volume of every
sample.
where Rd corresponds to the maximum radial distance of the sample and
δθ = min (α2 − α1, δ2 − δ1) are the limits in right ascension of the sample,
and δ1 and δ2 are the limits in declination. The summary of the data samples
used in our fractal calculations is presented in Table 4.1
Figure 4.1 shows the comoving (x; y) projection of the different samples.
As it can be seen in the Figure 4.1, most of the redshift space distortions
have been strongly reduced due to the use of haloes instead of galaxies in
the volume of the survey (Mun˜oz-Cuartas & Mueller, 2012). Using just
the positions of the galaxies in the parent catalog would have lead to the
introduction of geometric defects associated with redshift space distortions
that would bias our estimates of fractal dimension and lacunarity.
The next step involves the determination of the multi- fractal dimen-
sion set and lacunarity spectrum for the subsamples, expecting to answer
the question: Is there the homogeneity transition in the dark matter halo
distribution as is found in the Millennium simulation?
4.2 Multi-fractality and lacunarity spectrum
for dark matter clustering in SDSS-DR7
In the previous section, we present volume limited samples of galaxies with
redshifts in the range of 0.002 < z < 0.2. The complete set is composed
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Figure 4.1: Dark Matter Haloes of the Volume limited samples in SDSS-
DR7, the positions of every halo in comoving cartesian coordinates.
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of 412468 galaxies, with 339505 dark matter haloes identified in the com-
plete sample of galaxies. We calculated the generalised correlation integral,
the fractal dimension and the corresponding lacunarity in the dark matter
distribution. The uncertainty of Cq is determined by the use of error propa-
gation in accordance with the expression:
∆Cq (r) =
1
NM
M∑
i=1
(q − 1) [ni (r)]q−2∆ni (r) , (4.3)
where ni (r) is the number of particles within a radial distance r with respect
to a particle i chosen as the centre ( Equation 2.7 ), ∆ni (r) is numerically
calculated counting the number of dark matter haloes that every radial in-
terval of each centre could be included into the count of ni (r) but they were
not included by the uncertainty in their position, i.e., haloes near the borders
of the spherical shells used in the count of ni (r).
In order to make the calculations of the correlation integral Cq a bin size
of 1.0 Mpc/h was used. The generalised correlation integral was determined
for 13 values of the structure parameter in the range −6 6 q 6 6, for each
dark matter distribution in the corresponding galaxy sample (see Figure 4.2).
These calculations include high-density regions, i.e., (q > 1), and low-density
regions (q < 1). For q = 1, the numerical limit is used.
The fractal dimension spectrum is determined from the generalised corre-
lation integral using the sliding-window technique (Mart´ınez & Saar, 2002).
This procedure is applied to the logarithm of the correlation integral as a
function of the logarithm of the radial distance. Dividing the curve into
segments and making a weighted linear least-squares fit through each set of
successive points in a log-log plot we calculate the slope, the intercept and
their associated uncertainties from the covariance matrix in every section of
the curve.
Below, Figure 4.3 shows the results of the fractal dimension spectrum for
low-density regions with structure parameter values q < 1. For high-density
regions, namely the correlation integral for structure parameter values in the
range q > 1, and the dependence of the spectrum of multi-fractal dimension
on radial distance is shown in Figure 4.4.
These results can be combined to determine the multi-fractal dimension
spectrum as a function of the structure parameter q for different radial dis-
tance scales for every sample, as shown in Figure 4.5
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Figure 4.2: Generalised correlation integral vs. Radial Distance for all values
of q studied in this article calculated from the dark matter haloes distribution
in the four volume-limited samples. Over-densities with q > 1 appear to the
left, whereas low-densities, with q < 1, appear to the right. Similar behaviour
in the four samples, such us the uncertainty ∆Cq in the samples Mr-20 and
Mr-21 in two radial intervals are the same magnitude order of the of the Cq
and corresponds to the large error bars in log-log scale.
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Figure 4.3: Multi-fractal spectrum Dq(r) as a function of the radial distance
r for low-density environments, with−6 6 q 6 0, for dark matter distribution
in the four volume limited samples, from SDSS DR7. ±1σ error bars in the
graphics, with 0.99 confidence level in t-student test.
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Figure 4.4: Multifractal spectrum Dq(r) as a function of the radial distance
r for high-density environments, with 1 < q 6 6, for every dark matter
distribution in the four volume limited samples, from SDSS DR7. ±1σ error
bars in the graphics, with 0.99 confidence level in t-student test.
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Figure 4.5: Multi-fractal dimension spectrum Dq(r) of the dark matter
haloes distribution as a function of the structure parameter q in the range
[−6, 6]. The multi-fractal behaviour is observed even at depths of the or-
der of 165 Mpc/h around the centres. The solid line indicates the Be´zier
interpolation curve.
4.3 Discussion 39
Given that the fractal dimension does not specify how galaxies fill space,
our analysis is completed by the calculation of the lacunarity spectrum for
the same values of the structure parameter. The Figures 4.6 and 4.7 show
the corresponding results.
4.3 Discussion
In (Chaco´n-Cardona & Casas-Miranda, 2012) the authors performed a multi-
fractal analysis on the clustering of dark matter halos from the Millennium
Simulation (Springel et al., 2005) where they successfully found the ho-
mogeneity transition in accordance with standard cosmological principle at
depths between 100 Mpc/h and 120 Mpc/h. We also successfully applied
the same methodology to the clustering of dark matter haloes in the local
universe using as a basis the dark matter haloes distribution obtained by
Mun˜oz-Cuartas & Mueller (2012) from the galaxy distribution in four vol-
ume limited samples from SDSS-DR7 (Abazajian et al., 2009), available in
the NYU-VAGC catalog (Blanton et al., 2005). We used the comoving dis-
tance from FLRW metric in order to locate the dark matter distribution in
the scenario of the standard cosmology. The analysed samples were obtained
from the best galaxy catalog to carry out statistical studies for large-scale
structures, the NYU-VAGC, which presents the most dependable information
in completeness and corrections such us fibre collisions; besides, the use of
dark matter halo distributions allowed us to compare our results with those
obtained in the fractal analysis of the Millennium dark matter simulation,
with the advantage that the majority of the redshift space distortions have
been strongly reduced in order to avoid bias in our multi-fractal calculations.
From a set of 333505 dark matter haloes identified in four volume limited
samples of galaxies with redshifts in the range 2× 10−3 < z < 0.2, we found
the fractal behaviour of the dark matter clustering. In the calculations that
we performed, we took into account the the maximum radius of the sphere
that we can inscribe within the limits of our sample using the comoving
distance, for which the fractal behaviour could be analysed in every chosen
subsample, (Gabrielli et al., 2005) and using only as the centres of the dark
matter haloes whose distance to the edges of each sample were greater than or
equal to the effective depth in order to avoid edge effects (The same technique
was used in the calculations for the Millennium simulation).
We calculated directly the multi-fractal dimension using the generalised
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Figure 4.6: Lacunarity spectrum Φq(r) in logarithmic scale as a function
of the radial distance r for low-density environments, with q < 1, for every
dark matter distribution from the four volume limited samples, in SDSS DR7.
Error bars of ±1σ are indicated in the graphs.
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Figure 4.7: Lacunarity spectrum Φq(r) in logarithmic scale as function of
the radial distance r for high-density environments, with q > 1, for dark
matter distribution from the four volume limited samples, in SDSS DR7.
Error bars of ±1σ are indicated in the graphs.
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correlation integral in the dark matter samples with radial depths reaching
even to 190 Mpc/h, beyond the region where we expected to find a clear
homogeneity transition. In general terms, the set of integrals found for dark
matter clustering behaves as we expected in consistency with the results of
(Chaco´n-Cardona & Casas-Miranda, 2012) and (Sarkar et al., 2009). The
resulting functions indicate an increase in the average number of neighbours
that are located around the centres in high-density regions, for which q > 1,
and a decrease in the number of neighbours for low-density regions (q < 1).
Using the sliding-window technique, the fractal dimension for low-density
regions with structure parameter values q < 1 were calculated. In accordance
with the findings for the Millennium Simulation (Chaco´n-Cardona & Casas-
Miranda, 2012), we found a growth that surpassed the physical dimension of
space in regions near the centres, but in contrast, after that region we did not
find a clear trend towards homogeneity with fractal dimension values that
deviate from the physical space dimension.
For high-density regions with structure parameter values q > 1, the
behaviour also differs from that which we found previously in the Millen-
nium simulation (Chaco´n-Cardona & Casas-Miranda, 2012) and the results
of (Hogg et al., 2005), (Sarkar et al., 2009), (Scrimgeour et al., 2012). Al-
though there is a region of rapid dimensional growth, asymptotic behaviour
towards the physical dimension of space is not observed in all the multi-fractal
dimension spectrum.
The dimension functions observed for the Dq spectrum with q < 1 values
shows us that the space is almost completely filled (on average) by low-
density regions (for depths larger that the homogeneity scale), while the
persistent fractal behaviour ofDq spectrum for q > 1 values indicates that the
high-density regions are grouped in small space regions with auto-similarity
properties corresponding to galaxy clusters. In this way the universe would
present two different behaviours, one for low-density regions and another for
regions occupied by galaxies, which would favour the conditional cosmological
principle.
In our analysis, the multi-fractal dimension reaches a high value in re-
gions around the centres, followed by a second region where the dimension
of the galaxy clustering tends to values that differ from the physical dimen-
sion of space; in the region near the centres we observe a great variability,
represented by high error values, which grows as the structure parameter
does, followed by a tendency to a constant value both in dimension like in
its uncertainty with a tendency to reach a constant value between 2.5 and
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3 without reaching 3. The fractal dimension value reported in the previous
works is near to 2, a dimension value less that our dimension measures for
q > 1. In accordance with Ribeiro (2005) this behaviour is present in the
radial calculations because of the use of comoving distance from FRW metric
by the effect of the standard cosmological principle.
This behaviour shows a persistent multi-fractal distribution at larger
scales. The multi-fractality is observed most clearly in the sigmoid curves in
Figure 4.5 where it is evident a higher dimensionality (closest to the physi-
cal dimension of the space) in voids for all the radial distances. In contrast
with the behaviour of dark matter clustering, the fractal dimension values
move away from the physical dimension of the space in all cases. Thus, the
dark matter distribution does not reach homogeneity, since all dimensions of
the multi-fractal spectrum have to accomplish the condition of homogeneity.
This finding is consistent with the dark matter clustering behaviour on large
scales, as published by Joyce et al. (2005) and Verevkin et al. (2011), and
also it is consistent with studies of the anisotropy of the cosmic background
radiation realised by Kobayashi et al. (2011).
The determination of the lacunarity spectrum is spoiled by the propaga-
tion of errors, inherent in its calculation based on the pre-factor F . Despite
this difficulty, we analysed first the spectrum of lacunarity of low-density
regions (q < 1), observing an oscillatory behaviour from initial low values
(high homogeneity near the centres) with increasing values (inhomogeneity
tendency) until it reached the average maximum value. The lacunarity of
high-density environments (q > 1) also shows an oscillatory behaviour start-
ing with high values at small radial distance (high inhomogeneity near the
centres) and then a decreasing at distances a homogeneity tendency in the
regions between 60 Mpc/h and 90 Mpc/h returning to a final increase at the
radial limit of every subsample. These results are consistent with deviations
from the transition to homogeneity detected by the multi-fractal dimension
spectrum.
In order to confirm that the behaviour found in the previous analysis were
not the result of difficulties in calculating fractality, two tests were performed.
In the first test, the minimum mass scale used to define the population of
halos of dark matter of the Millennium simulation was changed with basis
on the minimum values of mass of each of the samples analysed from SDSS
DR7. It was found that the definition of the population of halos not af-
fect the results obtained previously by Chaco´n-Cardona & Casas-Miranda
(2012). In the second test, the fractal analysis was performed in a square
44
4 Multi-fractal analysis and lacunarity spectrum of the dark matter haloes
in the SDSS-DR7
box of 300 Mpc/h side, which was extracted from dark matter halos on Mr-
21 sample (SDSS DR7 data). In this case it was verified that the condition
of homogeneity is not reached despite having changed the geometry of the
sample.
Chapter 5
The density contrast and mass
function for the spherical
collapse of the
Lemaˆıtre-Tolman-Bondi metric
from the fractal point of view
Some recent results on matter clustering on large scales in the universe, put
into question the transition to homogeneity that is currently accepted, (Joyce
et al., 2005; Mureika, 2007; Kobayashi et al., 2011; Frankel, 2014). Neverthe-
less, regardless a definite transition to homogeneity, local heterogeneities lead
us to consider whether physical models based on the standard cosmological
principle are really consistent with the observations (Enqvist, 2008). Since
the dawn of general relativity, several researchers have been working in non-
homogeneous models of the universe (Tolman, 1934; Bondi, 1947; Bonnor,
1974; Pompilio & Montuori, 2002; Viaggiu & Montuori, 2013) showing us
other possible roads in cosmology, both in the interpretation of the data and
the subsequent theoretical developments. Interpreting observations of the
galactic clustering in a context different than the traditional one (Rindler
& Suson, 1989; Mittal & Lohiya, 2003), shows that a metric based on the
Lemaˆıtre-Tolman-Bondi model can explain the data from Type Ia supernovae
without the use of the cosmological constant, thinking in a in-homogenous
model of a non-interacting matter dust (Humphreys et al., 1998; Ce´le´rier,
2000; Matravers & Humphreys, 2001).
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In this chapter the theoretical density contrast for spherical collapse of
a dark matter over-density which evolves in a non-homogeneous universe is
developed, taking as a basis the Lemaˆıtre-Tolman-Bondi (LTB) spacetime
metric. Finally, with the use of the excursion set theory the mass function
of fractal matter distribution in a moving barrier is found.
5.1 Density Contrast for a inhomogeneous dust
of dark matter
The basis of the work done in this chapter is in the solution of the Einstein
field equations for a spherically symmetric universe composed of dust with
radial inhomogeneities which are observed from our location as a centre. The
Einstein field equations with c = G = 1 and a zero cosmological constant
Λ = 0, have the form (Misner et al., 1973; Schutz, 2009; Wald, 2010) :
Gµν = 8piTµν , (5.1)
where Gµν is the Einstein tensor, Tµν the stress-energy tensor for a spherically
symmetrical dust without pressure that takes the form (Tolman, 1934; Bondi,
1947):
Tµν =

ρ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
 , (5.2)
where ρ is the proper density.
The line element for this metric can be expressed as:
ds2 = dt2 − R
2 (r, t)r
1 + 2E (r)
dr2 −R2 (r, t) (dθ2 + sin2θdϕ2) , (5.3)
where comoving spatial coordinates with matter were chosen xµ = {t, r, θ, ϕ},
R (r, t) > 0, R (r, t)r = ∂R (r, t)/∂r, R (r, t)t = ∂R (r, t)/∂t and E (r) is a ra-
dial function that is related to the energy according to the interpretation of
Bondi (1947). The non-zero components of the Einstein tensor for this met-
ric, using the suffixes (0, 1, 2, 3) for (t, r, θ, ϕ) are (Humphreys et al., 1997):
5.1 Density Contrast for a inhomogeneous dust of dark matter 47
G00 =
R2 (r, t)t − 2E (r)
R2 (r, t)
+
2R (r, t) R (r, t)tR (r, t)tr − 2R (r, t) E (r)r
R2 (r, t)R (r, t)r
,
(5.4)
G11 =
2R (r, t) R (r, t)tt + (R (r, t)t)
2 − 2E (r)
R2 (r, t)
, (5.5)
G22 =
R (r, t)ttR (r, t)r +R (r, t) R (r, t)ttr
R (r, t) R (r, t)r
+
R (r, t)tR (r, t)tr − E (r)r
R (r, t) R (r, t)r
,
(5.6)
where G22 = G33.
Multiplying Equation (5.5) by R (r, t)t and factorizing:
2R (r, t)tR (r, t)ttR (r, t) +
[
(R (r, t)t)
2 − 2E (r)]R (r, t)t = 0. (5.7)
This last equation can be expressed in differential form:[(
(R (r, t)t)
2 − 2E (r))R (r, t)]
t
= 0. (5.8)
Therefore,[
(R (r, t)t)
2 − 2E (r)]R (r, t) = 2M (r) , (5.9)
where M (r) is an arbitrary function that depends only on the radial coordi-
nate. Bondi gives the meaning of this function as the sum of all the invariant
mass of all the particles with radial distances smaller than r. Thus, we arrive
at the equation of motion:
(R (r, t)t)
2
2
− M (r)
R (r, t)
= E (r). (5.10)
The last equation can be interpreted as an energy equation (Bondi, 1947;
Olson & Silk, 1979; Tanimoto & Nambu, 2007): the right hand side is the
sum over kinetic and potential energy (per unit mass), with E (r) the energy
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total per unit mass associated with M (r) within a distance r. Since the
numerator of G00 corresponds to the derivative of M (r) with respect to the
radial coordinate it is possible to write:
8piρ (r, t) =
2M (r)r
R2 (r, t) R (r, t)r
. (5.11)
Solving for the derivative R (r, t)t:
dR (r, t)
dt
=
[
R (r, t)
2E (r)R (r, t) + 2M (r)
]1/2
(5.12)
The solution of Equation (5.10) is the integral, (Silk, 1977; Olson & Silk,
1979):∫ tβ(r)
t
dt =
∫ R(r,t)
0
[
R (r, t)
2E (r) (R (r, t) +M (r) /E (r))
]1/2
dR (r, t) (5.13)
The solution of the Equation (5.13) depends on the sign of the total energy,
(Bonnor, 1974; Ribeiro, 1992a; Humphreys et al., 1997). In the case E (r) >
0 this solution is called hyperbolic, and by the use of the parameterization
R (r, t) = A2sinh2 (φ/2), with A2 = M (r) /E (r) we can find an expression
for the time in the form:
t− tβ (r) = M (r)
(2E (r))3/2
(sinhφ− φ) . (5.14)
Since sinh2 (φ/2) = 1/2 (coshφ− 1), we can write R (r, t):
R (r, t) =
M (r)
2E (r)
(coshφ− 1) . (5.15)
In the case that the total energy per unit mass is zero E (r) = 0, i.e., the
parabolic solution is:
R (r, t) =
(
9M (r)
2
(t− tβ (r))
)1/3
. (5.16)
Finally the case where E (r) < 0, named elliptic solution, was also ex-
pressed parametrically, R (r, t) = A2sin2 (χ/2) with A2 = M (r) /E (r), and
we can write the time:
t− tβ (r) = M (r)
(−2E (r))3/2
(χ− sinχ) . (5.17)
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In this case sin2 (χ/2) = 1/2 (1− cosχ) so we can write R (r, t):
R (r, t) =
M (r)
2E (r)
(1− cosχ) (5.18)
In order to determine the behaviour of the density contrast for a LTB
universe, we propose that a perturbation with E (r) < 0 is evolving in an
environment background with E (r) > 0 in expansion process, following the
idea for a FLRW universe brought to light by Lacey & Cole (1993). To
observe the early behaviour we perform a Taylor series expansions of the
trigonometric and hyperbolic functions involved in the hyperbolic and elliptic
solutions:
sinhφ = φ+
φ3
3!
+
φ5
5!
+ · · · (5.19)
coshφ = 1 +
φ2
2!
+
φ4
4!
+ · · · (5.20)
sinχ = χ− χ
3
3!
+
χ5
5!
+ · · · (5.21)
coshχ = 1− χ
2
2!
+
χ4
4!
+ · · · (5.22)
For the background and the perturbation we took tβ (r) = 0 i.e., the
time of the bang is the same for all observers and independent of the radial
coordinate. If we call:
Ab (r) =
M (r)
2E (r)
, and Bb (r) =
M (r)
(2E (r))3/2
, (5.23)
Ap (r) =
M (r)
−2E (r) , and Bp (r) =
M (r)
(−2E (r))3/2
, (5.24)
the approximation of the parametric equations for values of φ < 1, and χ < 1
i.e., at early times, take the form, for the expanding background:
Rb ≈ Ab (r)
(
φ2
2!
+
φ4
4!
)
=
Ab (r)φ
2
2
(
1 +
φ2
12
)
, (5.25)
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tb ≈ Bb (r)
(
φ3
3!
+
φ5
5!
)
=
Bb (r)φ
3
6
(
1 +
φ2
20
)
, (5.26)
and for the perturbation:
Rp ≈ Ap (r)
(
χ2
2!
− χ
4
4!
)
=
Ap (r)φ
2
2
(
1− χ
2
12
)
. (5.27)
tp ≈ Bp (r)
(
χ3
3!
− χ
5
5!
)
=
Bp (r)χ
3
6
(
1− χ
2
20
)
. (5.28)
Solving for φ2 and χ2 from the respectively expressions for the time for
the background and for the perturbation,
φ2 =
(
6tb
Bb (r)
)2/3 [
1− 1
30
(
6tb
Bb (r)
)2/3]
, (5.29)
χ2 =
(
6tp
Bp (r)
)2/3 [
1 +
1
30
(
6tp
Bp (r)
)2/3]
. (5.30)
Substituting into the radial functions for the background and the per-
turbation and retaining the terms that keep the same order as the initial
approximation we obtain:
Rb ≈ Ab (r)
2
(
6tb
Bb (r)
)2/3 [
1 +
1
20
(
6tb
Bb (r)
)2/3]
, (5.31)
Rp ≈ Ap (r)
2
(
6tp
Bp (r)
)2/3 [
1− 1
20
(
6tp
Bp (r)
)2/3]
. (5.32)
With these results it is possible to specify the density functions necessary to
determine the density contrast. First, the average density of a sphere of ra-
dius r for both the expanding background and the perturbation is calculated
by the expression:
〈ρ (r, t)〉 =
∫ r
0
ρ (r, t)R2 (r, t)R (r, t)rdr∫ r
0
R2 (r, t)R (r, t)rdr
. (5.33)
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It is possible to evaluate the involved integrals by simplifying the expression
for the mean density before integration using the Equation (5.11):
〈ρ (r, t)〉 =
∫M(r)
0
dM (r) /4pi∫ R(r,t)
0
R2 (r, t) dR (r, t)
=
3M (r)
4piR3 (r, t)
(5.34)
Thus, by keeping the same order of approximation for the background and
for the perturbation we obtain the average density for the two cases:
〈ρ (r, t)〉b =
1
6piGt2b
[
1− 3
20
(
6tb
Bb (r)
)2/3]
, (5.35)
〈ρ (r, t)〉p =
1
6piGt2p
[
1 +
3
20
(
6tp
Bp (r)
)2/3]
. (5.36)
These last two quantities allow us to determine the density contrast to our
inhomogeneous model:
δ =
〈ρ (r, t)〉p − 〈ρ (r, t)〉b
〈ρ (r, t)〉b
=
〈ρ (r, t)〉p
〈ρ (r, t)〉b
− 1. (5.37)
As we set both the background and the perturbation function tβ (r) = 0,
the time to the perturbation and background are common variable in the
dynamics, i.e., tp = tb = t so that the density contrast can be calculated as:
δ =
1
6piGt2
[
1 + 3
20
(
6t
Bp(r)
)2/3]
− 1
6piGt2
[
1− 3
20
(
6t
Bb(r)
)2/3]
1
6piGt2
[
1− 3
20
(
6t
Bb(r)
)2/3] . (5.38)
This expression can be simplified by keeping the same approach we have been
using, leading to
δ ≈ 3
20
(6t)2/3
[
1
B
2/3
p (r)
+
1
B
2/3
b (r)
]
. (5.39)
The functions Bp (r) and Bb (r) depend on the gravitational mass M (r)
and energy E (r), which are arbitrary functions for both the background and
the perturbation, with several alternatives available in literature (Silk, 1977;
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Matravers & Humphreys, 2001; Ribeiro, 1992a,b, 1993; Humphreys et al.,
1998; Valkenburg, 2012). We analyzed the behavior of the perturbation in
order to find the connection between the exact dynamics of the field and
the linear approximation. We start with t = 0, the big-bang time layers are
formed in the spherical collapse first expanding to its maximum surface area
(Turnaround) when the parameter χ = pi, i.e., the expression for the time is:
tT =
piM (r)
[−2E (r)]3/2
, (5.40)
the radius for the perturbation at turnaround is:
RT =
2M (r)
[−2E (r)] , (5.41)
and the density contrast in our approximation takes the value:
δT ≈ 3
20
(6pi)2/3
[
1− Eb (r)
Ep (r)
]
. (5.42)
The collapse condition is satisfied when χ = 2pi, where the exact solution
in the radial function is zero for the perturbation and the density approaches
infinity. In this case we would have the time of collapse
tc =
2piM (r)
[−2E (r)]3/2
, (5.43)
and the density contrast at collapse time is approximately:
δc ≈ 3
20
(12pi)2/3
[
1− Eb (r)
Ep (r)
]
. (5.44)
As may be noticed, in our inhomogeneous model the density contrast
values found in the spherical collapse approach to their corresponding ones
in a FLRW cosmology, but they appear corrected by the arbitrary LTB
functions. This result leaves us with a radial function with no constant term
for the density contrast at the time of collapse. It is no longer a strictly
Gaussian density field, as can be seen in Peebles (1983); Peacock (1999)
and Mart´ınez & Saar (2002). Peacock (1999) proposed that for this class of
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density field a functional dependency of the variance from phenomenological
considerations for a primitive non-Gaussian density fluctuations. This type
of field is locally Gaussian but spatially modulated, thus our condition for the
collapse is more general than that obtained in the standard FLRW cosmology.
this fact leads us to analyse the proposal for a moving barrier in the context
of the Excursion Set Theory (de Simone et al., 2011) rather than a fixed
barrier given the condition of non-Gaussianity density field but using the
local Gaussianity status within the purpose of determine the mass function
by random Brownian paths, i.e. the Excursion Set Theory approach (Sheth
& Tormen, 2002; Pan, 2007; Pan et al., 2008)
5.2 Excursion Set Theory Foundations
The Excursion Set Theory was developed from the method used to pre-
dict the mass distribution of cosmological objects that formed hierarchically
(Bottom-Up formation). Initially, this mass function was proposed by Press
& Schechter (1974) where they began with finding objects of mass M by
using a window filter radius R (usually a Gaussian filter) that softens the
density field, and imposes the condition that regions of space whose density
contrast exceeds the critical value
(
δc =
3
20
(12pi)2/3 ≈ 1.686
)
must collapse
into observable objects (dark matter haloes). On the basis of the gaussianity
of the initial density field the probability that a given field point collapses
into a dark matter halo is determined by:
P (δ ≥ δc) = 1
2
[
1− erf
(
δC√
2σ (M)
)]
. (5.45)
The mass function is defined finally by:
dn (M, t)
dM
dM =
ρ0
M
∣∣∣∣ dFdM
∣∣∣∣ (5.46)
=
√
2
pi
ρ0
M2
δc (t)
σ (M)
∣∣∣∣ d lnσ (M)d lnM
∣∣∣∣ e−δ2c/2σ2 , (5.47)
with twice the probability function, Equation (5.45).
In the original paper (Press & Schechter, 1974), the factor 2 is conve-
niently introduced but not properly justified. This weakness in the method
54
5 The density contrast and mass function for the spherical collapse of the
Lemaˆıtre-Tolman-Bondi metric from the fractal point of view
is remedied within the formalism of Excursion Set Theory (Bond et al., 1991;
Lacey & Cole, 1993; Sheth, 1998). This formalism is based on random paths
you can take the field density contrast δ on some fixed point in space as a
function of radius R of the window function WM (r), corresponding to a mass
M ∝ ρ0R3 or equivalently as a function of the variance S. The variance of
the smoothing field is defined as:
S (M) = σ2 (M) =
∑
k
〈|δk|2〉 Wˆ 2M (k) , (5.48)
where δk y WˆM (k) are the Fourier transform of the density contrast and the
window function WM (r), respectively.
Starting with the limit δ = 0, when the variance S tends to 0 (the radius
of the filter window approaches infinity) fluctuations in the density contrast
are developed whose amplitudes are increased by increasing the value of the
variance (decrease the radius of the applied filter). At some value for the
variance S the path of the density contrast passes across the critical value δc
by the first time, this indicates the formation of a collapsed object within the
density field(Peacock, 1999). Taking the filter as a Heaviside step function
in k space (Lacey & Cole, 1993):
WˆM (k) =
{
1 if k < ks (M)
0 if k > ks (M)
, (5.49)
where ks is the cut-off wave number.
Using this window function, the paths followed by the density contrast
as a function of the variance correspond to random Brownian movement,
where the δk phases are uniformly distributed in the range [0, 2pi] and the
sum of a thin shell
∑k+dk
k δk which is a Gaussian random variable (Bond
et al., 1991). For this type of variable density number of paths Q (S, δ) in
the range (δ, δ + dδ) obeys the diffusion equation:
∂Q
∂S
=
1
2
∂2Q
∂δ2
(5.50)
The solution to this equation for the critical value condition δc, corresponds
to an absorbing barrier, according to Chandrasekhar (1943),
Q (S, δ, δc) =
1√
2piS
(
e−δ
2/2S − e−(δ2−2δ2c)/2S
)
. (5.51)
5.2 Excursion Set Theory Foundations 55
The probability that a path is absorbed by the barrier in the range (S, S + dS)
is equal to the reduction portion of the surviving paths under the barrier,
i.e.:
fS (S, δc) = − ∂
∂S
∫ δc
−∞
Q (S, δ, δc) dδ =
δc√
2piS3/2
e−δ
2
c/2S (5.52)
So, the number density of dark matter haloes in the range (M,M + dM)
presents at time t is:
dn (M, t)
dM
dM =
ρ0
M
fS (S, δc)
∣∣∣∣ dSdM
∣∣∣∣ dM (5.53)
=
√
2
pi
ρ0
M2
δc (t)
σ (M)
∣∣∣∣ d lnσ (M)d lnM
∣∣∣∣ e−δ2c/2σ2 (5.54)
This last expression is the same as that found by Press & Schechter (1974)
but without the inclusion of the spurious factor of 2.
This development is valid for Gaussian density fields, but in our case
the field is not Gaussian, as discussed in the previous section it is a locally
Gaussian field. According to Sheth & Tormen (2002); Zentner (2007); Pan
et al. (2008) we must go beyond the standard excursion set formalism (with
constant value for a critical density). Thus, it is necessary to model this non-
Gaussian behaviour through a moving barrier, where the density contrast at
the critical point is a linear function B (S) of the variance S. Following Pan
(2007) and Zentner (2007),
B (S) = δc + βS. (5.55)
In this case the density number of paths Q (S, δ) obeys the diffusion equation
plus a drift term in the diffusion equation, in our case:
∂Q
∂S
=
1
2
∂2Q
∂δ2
+ β
∂Q
∂δ
(5.56)
This equation is solved by the change of variable Q = Ueβ[γ−βS/2] with γ =
δc − δ. In the new variable the equation for the number density of paths is
simplified in a known manner (the diffusion equation for a fixed barrier):
∂U
∂S
=
1
2
∂2U
∂δ2
. (5.57)
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This equation obeys the conditions
U (S, γ) =
{
δD (γ − δc) if S = 0
0 if γ = 0
. (5.58)
Thus,
Q (S, δ, δc) =
e−β[δ+βS/2]√
2piS
(
e−δ
2/2S − e−(δ2−2δ2c)/2S
)
. (5.59)
Similarly, as in the case with a fixed barrier, Equation (5.52), for this
moving barrier we have
fS (S, δc) = − ∂
∂S
∫ δc
−∞
Q (S, δ, δc) dδ (5.60)
= −
∫ δc
−∞
∂Q (S, δ, δc)
∂S
dδ (5.61)
= −
∫ δc
−∞
[
1
2
∂2Q
∂δ2
+ β
∂Q
∂δ
]
dδ (5.62)
= −
[
1
2
∂Q
∂δ
+ βQ
]δc
−∞
(5.63)
Finally, to derive and test the limits we have the expression for the prob-
ability that an element of mass M crosses the linear barrier with a variance
in the range (S, S + dS)
fS (S, δc) dS =
δc√
2piS3/2
e−[δc+βS]
2/2SdS. (5.64)
Thus, the mass function for the number density of halos of massM present
at time t for this moving barrier is
dn (M, t)
dM
dM =
√
2
pi
ρ0
M2
δc (t)
σ (M)
∣∣∣∣ d lnσ (M)d lnM
∣∣∣∣ e−[δc+βS]2/2S. (5.65)
This mass function depends on the density ρ0 = 3H0ΩM/8piG and the power
spectrum through the variance
S (M) = σ2 (M) = 4pi
∫ ∞
0
∣∣∣ WˆM (k)∣∣∣ 2P (k) k2dk
(2pi)3
. (5.66)
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Since our interest is to model an inhomogeneous dust characterised by a
fractal behaviour, we follow the method proposed by Sylos Labini & Amen-
dola (1996) to determine the variance for a distribution of galaxies charac-
terised by mass-radius fractal dimension.
5.3 Power Spectrum for a fractal matter dis-
tribution
In a self-similar distribution of points within a sphere of radius r, the set
behaves according to the mass-radius relation defined as (Mandelbrot, 1997):
N (r) = BrD (5.67)
With D the fractal dimension of the set; in a fractal distribution this
dimension is less than the physical dimension of the space (D = 3 characterise
a homogeneous distribution) and the pre-factor Bis a source of information
about the minimal length where it is possible to find fractal correlations.
Calculating the average number density inside a spherical sample with radius
Rs:
n¯ =
N (Rs)
V (Rs)
=
3B
4pi
R−(3−D)s . (5.68)
In a fractal distribution is not possible to apply the standard correlation
measures, because they are based on the homogeneity assumption. Coleman
& Pietronero (1992); Sylos Labini & Amendola (1996) present the conditional
density, defined as:
Γ (r) =
1
S
dN (r)
dr
=
BD
4pi
rD−3, (5.69)
with S the surface area of the spherical shell of radius r. The average con-
ditional density allowed us to calculate the correlation function of a fractal
set:
ξ (r) =
Γ (r)
n¯
− 1. (5.70)
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Calling γ = 3 −D for our fractal set, the correlation function is (Uchaikin,
2004)
ξ (r) =
[
3− γ
3
](
r
Rs
)−γ
− 1. (5.71)
According to the Conditional Cosmological Principle (Mandelbrot, 1983)
the power spectrum of a fractal distribution being isotropic, has the form
P (k) =
∫ Rs
0
4pi
sin (kr)
kr
[
3− γ
3
(
r
Rs
)−γ
− 1
]
r2dr (5.72)
=
4piRs
γ
k
[
3− γ
3
] ∫ Rs
0
r−γ+1 sin (kr) dr (5.73)
− 4pi
k
∫ Rs
0
r sin (kr) dr (5.74)
With the variable change u = kr, the power spectrum can be expressed
in the form
P (k) =
4piRs
γ
k−γ+3
[
3− γ
3
] ∫ kRs
0
u−γ+1 sinudu (5.75)
− 4pi
k3
∫ kRs
0
u sinudu. (5.76)
Thus, the power spectrum can be written in terms of the fractal dimension
as
P (k) =
a (Rs, k)R
3−D
s
kD
− b (Rs, k)
k3
(5.77)
Using the most frequently fractal dimension value found in the literature,
D = 2, a (Rs, k) and b (Rs, k) have the values:
a (Rs, k) =
4pi
3
[2 + cos (kRs)] , (5.78)
b (Rs, k) = 4pi sin (kRs) . (5.79)
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According with Sylos Labini et al. (1998) the power spectrum is averaged
over k-shells of thickness ∆ ≤ 2pi/Rs:
Pa (k) =
1
k2∆
∫ k+∆
k
P (k′) k′2dk′ (5.80)
=
8piRs
3k2
[1 + 3 [Si (2pi + x)− Si (x)] /4pi] , (5.81)
with Si (x) the Sine integral function, which is defined by:
Si (x) =
∫ x
0
sin (t)
t
dt. (5.82)
In the first order of approximation Pa (k) ≈ 8piRs/3k2. Sylos Labini et al.
(1998) proposed a general form to the averaged power spectrum as a function
of k with the fractal dimension that includes the case D = 2
Pa (k) ≈ AR
3−D
s
kD
. (5.83)
Replacing this power spectrum into Equation (5.66), the variance, smoothed
by the window function, of this field is:
S (M) =
4pi
(2pi)3
∫ ks
0
AR3−Ds k
′2−Ddk′ (5.84)
=
AR3−Ds k
3−D
s
2pi2 (3−D) . (5.85)
According to Lacey & Cole (1993), the relation between the mass M
function and the cut-off wave number ks is found re-scaling the space form
of the window function:
WM (r) =
sin (ksr)− ksr cos (ksr)
2pi2r3
, (5.86)
with the condition: WM (r) = 1 at r = 0, and integrating over all space
to find the enclosed volume. The relation between the mass and the cut-off
wave number for this filter is:
ks =
(
6pi2ρ0
M
)1/3
(5.87)
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Figure 5.1: Mass function taking the values for the power spectrum A =
8pi/3 and D = 2 corresponding to the mass-radius fractal dimension most
frequently reported in literature. The parameter β is varying in the range 0
to 0.25, as indicated in the labels
Thus, the mass function for an inhomogeneous fractal dust is:
dn (M, t)
dM
dM =
1√
2pi
ρ0
M
δc (t)
S3/2 (M)
∣∣∣∣ dS (M)dM
∣∣∣∣ e−[δc+βS]2/2SdM (5.88)
=
(3−D)
3
√
2pi
ρ0
M2
δc (t)
S1/2 (M)
e−[δc+βS]
2/2SdM (5.89)
=
(3−D)
3
√
2pi
ρ0
M2
δc (t)
σ (M)
e−[δc+βσ
2]
2
/2σ2dM (5.90)
In Figure 5.1 we show the behaviour of this mass function taking the
values for the power spectrum A = 8pi/3 and D = 2 corresponding to the
mass-radius fractal dimension most frequently reported in the literature, for
different values of β.
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Figure 5.2: Mass function taking β = 0. The fractal dimension is varying
in the range 0.5 to 2.75, as indicated in the labels
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The form of the curves in Figure 5.1, exhibits a similar behavior that those
reported in the literature by Jenkins et al. (2001); Warren et al. (2006); Wen
et al. (2010). As can be observed in Figure 5.1, the mass functions with
constant fractal dimension show a smooth diminish in the number of formed
haloes as the β parameter increases, specially for low mass haloes where the
Press-Schechter formalism tends to over predict the number of haloes. On the
other hand, see Figure 5.2, the mass function is quite sensitive to variations
in the values of the fractal dimension, in particular for values larger than
2. An increase in the number of haloes is consistent with an increase in the
dimension of the mass clustering. But the contrary occurs for D > 2: as the
dimension of the fractal mass clustering approaches the physical dimension
of the space, the number of haloes drops dramatically. These behaviours are
because the β parameter affects the mass function only in the argument of
the decreasing exponential, while the fractal dimension appears immersed in
the variance, which is a fundamental part of the mass function.
Chapter 6
Concluding Remarks
6.1 Conclusions
In this thesis I analysed the dark matter clustering in the local Universe
from the multi-fractal point of view. The results of this research provide a
complementary method for the detection of the homogeneity transition scale
based on the lacunarity concept. The main conclusions of this study are as
follows:
The dark matter halo clustering in the ΛCDM Millennium Simulation
have a radial distance dependency divided in two regions. First a region
with a fast dimensional growth which starts with great variability in regions
close to the centres, around 20 Mpc/h, which is a symptom of inhomogeneity
at short distances. A second region where the clustering of dark matter
shows evidence of slower dimensional growth arriving to homogeneity with
a progressive decrease in dispersion. Similar results are reported by Gaite
(2005, 2007) in his simulation fractal analysis. Therefore, the use of multi-
fractal dimension analysis is the most adequate for the characterisation of the
dark matter haloes clustering, because of the complexity of these structures
with scale dependency of the determined fractal quantities.
In the determination of the fractal mass-radius dimension and multi-
fractal spectrum it is necessary to consider the spurious homogenisation ef-
fects introduced as the radial distance approaches the edges of the volume
analysed. In our case when it comes near the edges, the number of possible
centres are being limited (fewer centres from which to estimate the relation-
ship); and also, the mass-radius fractal dimension starts to exceed the spatial
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dimension that the clustering of dark matter haloes is embedded in; this can
lead to a spurious results about the cross to homogeneity. (Wen et al., 1989;
Mart´ınez & Saar, 2002; Gabrielli et al., 2005). For this reason the maximum
radial distance for the fractal analysis should be limited in the calculation,
according to the sample’s spatial size.
For the case of low-density environments, q < 1, the coherence is remark-
able between high dimension values for voids below r ≈ 20 Mpc/h, the first
region of fast growth in the multi-fractal dimension spectrum for q > 1, and
the lacunarity spectrum for the same spatial region. This is an evidence of
complexity due to self-gravitation at short distances.
In the calculation of the multi-fractal spectrum, we show the homogeneity
cross at depths between 100 Mpc/h and 120 Mpc/h, without exceeding the
physical dimension of space. The cross to homogeneity is more precisely
located by the relation between the multi-fractal dimension and the structure
parameter q, which shows the cross to homogeneity at 120 Mpc/h radial
distance. The spectrum of lacunarity confirms this result, every lacunarity
function points to the homogeneity scale in the same spatial region.
The lacunarity spectrum for every structure parameter in over-density
environments q > 1 reveals regions with relative maxima, allowing us to
detect spatial regions where voids are forming inside the clustering of dark
matter haloes. The transition of homogeneity for every structure parameter
is found beyond 100 Mpc/h. Insofar that the structure parameter increases,
the minimum value of lacunarity is located farther from the centre in the
same manner that the scale of homogeneity transition is increasing in the
multi-fractal spectrum.
In the case of dark matter haloes found in the SDSS seventh release,
no transition to homogeneity was observed in the dark matter clustering,
at least for scale of distance around 165 Mpc/h; instead, there is a clear
persistence of multi-fractal behaviour. For values of the structure parameter
corresponding to low densities (q < 1), the calculated dimensions exhibited a
tendency to fill space close to the homogeneity (dimension values very close
to the physical dimension of the space) at scales larger than 60 Mpc/h.
For structure parameter values q > 1 , i.e. high density environments,
the fractal-dimension spectrum showed two clearly defined regions: a first
region of high-dimensional growth on scales less than 45 Mpc/h and a second
region of smooth decay to a constant fractal dimension below the physical
dimension of the space. Therefore, the use of multi-fractal analysis is most
suitable for the characterisation of dark matter clustering because a mono-
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fractal dimension analysis could show a homogeneity transition tendency, but
this really has not been happened due to the multi-fractal behaviour being
dependent on the scale and the structure parameter q. Thus, the multi-fractal
dimension spectrum offers us a wide vision of dark matter clustering, where
the homogeneity transition is only reached if the complete set of multi-fractal
dimension reaches the physical dimension of the space.
The lacunarity spectrum confirmed the persistence of the fractal be-
haviour of the set, showing us the two different ways in which the voids
and the clusters of galaxies fill the space respectively. The low density re-
gions tend to fill the space almost homogeneously from small scales while the
galaxy set shows a decreasing behaviour with alternation between high and
low lacunarity values, i.e., the presence of voids followed by regions of high
galaxy clustering. We did not observe an absolute lacunarity decrease that
would otherwise allow detecting homogeneity. On the contrary we confirmed
the departure from homogeneity within the analysed volume limited samples,
based on the growth of the lacunarity function.
The dark matter distribution is eminently multi-fractal. A tendency to-
wards mono-fractality (i.e., only one fractal-dimension value independent of
the structure parameter) was not observed in the volume limited samples for
the available depths used in the analysis. This result implies that further
detailed research is needed to continue investigating the standard cosmolog-
ical principle and its consistency with the observations. Although we cannot
conclude that a transition to homogeneity is not found at greater depths,
the problem of introducing homogenisation due to cosmological assumptions
should be analysed, with the goal of approaching this problem without in-
troducing biases contained in the standard cosmological principle.
We have developed theoretically the density contrast for the spherical col-
lapse of a dark matter perturbation which evolves in a non-homogeneous uni-
verse, based on the cosmological model of a spherically symmetric pressure-
less dust developed by Georges Lemaˆıtre, Richard C. Tolman and Hermann
Bondi (LTB model), within the context of the General Relativity Theory.
We found a radial function for the density contrast, instead of a constant
value independent of the radial coordinate, that at first-order approximation
reproduces the value predicted by the standard cosmology for a homogeneous
universe.
The density field for an inhomogeneous and isotropic dust based in a
Lemaitre-Tolman-Bondi metric exhibits a non-gaussian behaviour; in the
early times, the density contrast tends to the values found for the spheri-
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cal collapse in the FLRW universe but with modulation by a positive radial
function. Because of this behaviour the density field is not Gaussian, but it
is possible to model it in first order like a linear function of the variance. In
this manner, we have determined the mass function using the Excursion Set
Theory for a moving barrier, instead of a constant barrier as in the case of a
spherical collapse in a FLRW universe.
The fractality is introduced into the mass function through the variance
for a fractal dust according to the power spectrum proposed by Sylos Labini
et al. (1998). The obtained mass function is more sensitive to changes in
the fractal dimension of the system than to changes in the β parameter
introduced to model the radial dependence of the density contrast.
Chapter 7
Future Prospects
The fractal approach to large scale matter distribution opens up the cosmo-
logical research field to new paths. The quest for the homogeneity transition
by the use of multi-fractal dimension and lacunarity spectrum could be ex-
tended to a new data that includes larger galactic samples, quasars and the
anisotropies of the CMB Radiation in order to go deeper in radial distances
beyond the local universe. Also, the fractality of the dark matter haloes from
SDSS DR-7 could introduce the use the new cosmological models that take
into account the observed local inhomogeneities. Pioneer works like Ce´le´rier
(2000); Mittal & Lohiya (2003); Enqvist (2008) demonstrate to us a new
interpretation of data including explanations to the universe’s accelerated
expansion without resorting to dark energy.
Also, it’s time to ponder whether we have arrived at a paradigm shift;
without homogeneity cross the Standard Cosmological Principle could be un-
sustainable, and our fractal measures lead us to lean toward the Conditional
Cosmological Principle proposed by Mandelbrot. Therefore, from our per-
spective of the universe, we believe it is necessary to continue exploring the
ramifications of the Conditional Cosmological Principle.
In the case of persistent the fractal behaviour of large-scale structures in
the universe, the fundamental question is: What is the origin of fractality in
the distribution of matter in the universe? Some researches from the quantum
gravity approach (Lauscher & Reuter, 2005; Benedetti, 2009; Calcagni, 2010)
related the matter fractal clustering with the space-time structure.
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